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Enhanced Compressive Downlink CSI Recovery
for FDD Massive MIMO Systems Using
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Abstract—This paper proposes a new compressive sensingbased downlink channel state information (CSI) estimation
scheme for frequency division duplexing (FDD) massive multipleinput multiple-output (MIMO) systems. The proposed scheme,
which involves two-stage weighted block 1 -minimization, exploits
the block sparse nature of the angular domain representation
of the MIMO channel matrices and the existence of common
scattering paths in the realistic propagation environment. In the
first stage of the implemented scheme, a conventional block 1 minimization program is solved to extract the information about
the common/individual supports of the multiuser channel matrices. In the second stage, a weighted block 1 -minimization algorithm, the weighting coefficients of which are suitably chosen
to exploit the acquired support information, is used to estimate
the channel matrices. The analytic performance guarantees of
the proposed scheme are specified based on the block restricted
isometry property of the sensing matrix. Specifically, the upper
bounds of the 2 -norm reconstruction error are derived using various assumptions regarding the weighting. The obtained analytical
results enable a discussion of the selection of weighting coefficients
to enhance the CSI estimation performance, and the determination of a sufficient condition under which the proposed scheme
outperforms the unweighted naive solution. Computer simulations show that the proposed method achieves higher estimation
accuracy as compared to an existing greedy-based algorithm.
Index Terms—Block sparse, channel estimation, compressive
sensing, massive MIMO, restricted isometry property, sparse.

I. I NTRODUCTION
A. Background

feedback from the user terminals to the base station (BS)
[4]–[6]. However, due to the utilization of a large BS antenna
array in a massive MIMO scenario, the number of unknown
downlink CSI coefficients may be very high, being proportional to the array size. Direct estimation of the channel tap
matrices will thus not only be computationally demanding but
also entail overly high CSI feedback overheads. There is thus
the need for the development of new CSI acquisition protocols and estimation algorithms, with reduced complexity and
feedback, for FDD massive MIMO systems. Compressive sensing (CS) has been known to afford an entirely new signal
processing paradigm, whereby sparsity is exploited to facilitate sub-Nyquist sampling and efficient reduced-dimensional
processing [7]–[9]. The application of CS to wireless communication and networking has been intensively investigated, with
tutorial introduction available in [10]–[12]. In view of the fact
that the deployment of a large antenna array typically results in
highly correlated channel matrices admitting sparse representations in certain domains, CS has been proposed as a promising
sparsity-aware method for enhancing massive MIMO channel
estimation [13]–[15]. In a very recent study related to FDD
massive MIMO [5], the following CSI feedback and estimation
protocol was adopted: (i) Users feed back the compressed training measurements to the BS to reduce the feedback overhead
and processing complexity; (ii) the downlink CSI is recovered
at the BS using an orthogonal matching pursuit (OMP) type
algorithm.

M

ASSIVE multiple-input multiple-output (MIMO) has
been identified as an enabling technology for nextgeneration multi-antenna wireless communications [1]–[4]. To
achieve various performance gains in massive MIMO systems, the knowledge of reliable channel state information
(CSI) is necessary. In the frequency division duplexing (FDD)
mode, downlink CSI acquisition requires CSI estimation and
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B. Paper Contribution
In the study reported in this paper, we investigate FDD massive MIMO systems that utilize the CSI acquisition protocol
proposed in [5]. Considering that high-quality CSI is required
for reliable signal decoding, and that in CS 1 -minimization
methods typically outperform greedy-based signal reconstruction methods such as OMP [8], [9], this paper proposes a
new 1 -minimization based downlink CSI recovery scheme.
Specific technical contributions of our paper can be summarized as follows.
1. We propose a two-stage weighted block 1 -minimization
algorithm that exploits the block sparse nature of the
channel matrices and prior knowledge about the supports of the multi-user channels. In the first stage of the
proposed algorithm, a conventional un-weighted block
1 -minimization program is solved to obtain coarse
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estimates of the multi-user channels, with which information about the common and individual channel supports
are extracted. To take into account such prior support
knowledge, the second stage then conducts a weighted
block 1 -minimization algorithm in conjunction with a
three-level weighting assignment (the indexes of the estimated common/individual supports are assigned small
weights) to compute the channel matrices.
2. To examine the signal reconstruction performance of the
proposed weighted block 1 -minimization method, we
employ an analysis based on the block restricted isometry
property (RIP) [16]. By exploiting the Kronecker product structure inherent to the effective sensing matrix of
the CSI estimation system, it is shown that the effective
sensing matrix satisfies the block RIP, if and only if the
training symbol matrix satisfies the RIP with the same
constant. Hence, a good sensing matrix can be obtained
for our proposed scheme by generating a training symbol
matrix satisfying the RIP with a small constant. This can
be done using, for example, the widely employed random
sensing method [8], [9].
3. The block RIP based performance guarantees of the
proposed algorithm, specified in terms of certain upper
bounds of the reconstruction error (measured in 2 -norm),
are presented. Specifically, we first derive an analytic
reconstruction error upper bound assuming that the set
of weighting factors is arbitrary but fixed. The results
generalize the analysis in [17], which focused on the
conventional case with a block size of one and constant
weight employed at known support elements, to the case
with an arbitrary block size and a more general weighting factor assignment. Then, a reconstruction error upper
bound associated with the proposed three-level weighting
scheme is derived. Our analytic study is used to examine
the selection of the weighting coefficients for improving
the CSI estimation quality. We further determine a sufficient condition under which the proposed approach can
outperform naive un-weighted block 1 -minimization.
The condition is established in terms of a lower bound for
the portion of the support elements that are correctly identified in the first stage. The bound reduces to that reported
in [17] when the weighting factors assigned to all the elements in the estimated individual support are identical.
Computer simulations conform that our proposed method
affords higher channel estimation accuracy compared to
the OMP-based solution1 [5].
The rest of this paper is organized as follows. Section II
introduces the system model, and enumerates the basic
assumptions of our study. Sections III and IV, respectively, present the proposed scheme and the analytical performance guarantees. Section V presents the simulation results,
and the conclusions of this study are briefly outlined in
Section VI.
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Fig. 1. Depiction of the individual and common supports of the angular-domain
channel matrices for the two-user case, with M = 8 transmit antennas and
N = 2 receive antennas.

II. S YSTEM M ODEL AND BASIC A SSUMPTIONS
A. Channel Model
We consider a multi-user FDD massive MIMO system consisting of one BS with M transmit antennas and K users,
each equipped with N receive antennas (N  M). To estimate
the downlink channels, the BS broadcasts T training symbols
through each of its antenna elements. Under the flat-fading
assumption, the received training measurement at the i-th user
terminal can be expressed as
Yi = Hi X + Ni , 1 ≤ i ≤ K ,

(2.1)

where Hi ∈ C N ×M is the i-th downlink channel matrix, X ∈
C M×T is the training symbol matrix fulfilling the total power
constraint Tr (X H X) = P T , where P is the transmit power per
training time slot, and Ni ∈ C N ×T is the noise matrix whose
elements are i.i.d. complex Gaussian random variables with
zero mean and variance σn2 . Based on [5], it is assumed that
the channel matrix Hi exhibits certain sparse structure in the
angular-domain. Specifically, we consider the decomposition
given by
Hia = A H
R Hi AT , 1 ≤ i ≤ K ,

(2.2)

where Hia ∈ C N ×M is the angular-domain representation of Hi ,
and AT ∈ C M×M and A R ∈ C N ×N are unitary matrices composed of the array steering vectors on the transmit and receive
sides, respectively. If there exists a path that departs from the
BS in the m-th angular direction and arrives at the i-th user
in the n-th angular direction, the (n,m)-th element of Hia is
nonzero; otherwise, it is zero. As in [5], the following assumptions regarding the angular-domain multi-user channel matrices
are made in the sequel (a schematic depiction of the assumed
channel sparsity is shown in Figure 1).
Assumption I: All the rows of each Hia have the same support, hereafter denoted by T i . This is because the user height is
often low and with rich scatters.

Assumption II: The channel matrices Hia ‘s share a common

support Tc 
Ti , which is non-empty. This is a reflec1≤i≤K

1 The OMP-based solution mentioned in our paper refers to the joint OMP
algorithm proposed in [5].

tion of the fact that users typically share some common local
scatters because the BS is at a high elevation and has limited
scatters.
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Assumption III: There are statistical bounds {sc , s1 , · · · , s K }
on the common sparsity level |Tc | and the individual sparsity
levels |Ti |, 1 ≤ i ≤ K , such that
|Tc | ≥ sc and |Ti | ≤ si , 1 ≤ i ≤ K .

(2.3)

In addition, the bounds {sc , s1 , · · · , s K } are known at the

BS.2
B. Downlink CSI Feedback and Estimation Protocol
The CSI feedback and estimation protocol considered in this
study is the same as that in [5]. During the training phase,
which spans T symbol periods, the BS broadcasts the pilot signal matrix X to all the K users. For each 1 ≤ i ≤ K , the i-th
user feeds back the received pilot data matrix Yi in (2.1) to
the BS over an error-free feedback channel. It is also assumed
that a certain collision-free protocol (such as TDMA) is adopted
among users, so that the BS can receive all the individual feedback data Yi ‘s, based on which downlink CSI estimation on a
user-by-user basis is performed at the BS using the CS-based
algorithm to be discussed next.
III. P ROPOSED A PPROACH

A. Downlink CSI Estimation via Two-Stage Weighted Block 1 Minimization
Taking into account of Assumption I, the channel vector
hi ∈ C M N in (3.4) is block sparse; there are a total of M blocks,
each of size N, among which only |Ti | blocks are nonzero.
This motivates us to exploit block sparsity (see, e.g., [8] and
[16]) for CSI estimation. Meanwhile, considering that all the
channel matrices share a non-empty common support (based
on Assumption II), such information should be extracted and
used to design the algorithm to enhance the channel estimation
performance. In [5], an OMP-based greedy algorithm was proposed for support identification and subsequent channel matrix
computation. Previous works on CS have notably demonstrated
that 1 -minimization based methods outperform greedy algorithms such as OMP [8], [9]. Motivated by this fact, we propose
a two-stage weighted block 1 -minimization algorithm that
exploits the block sparsity nature and common support information for downlink CSI estimation. Henceforth in this paper,
it is assumed without loss of generality that equality holds in
the sparsity constraints of (2.3), that is, |Tc | = sc and |Ti | = si ,
1 ≤ i ≤ K.
Following [16], we define the weighted block 1 -norm of
a vector z = [zT (1) · · · zT (M)]T ∈ C M N , where z( j) ∈ C N is
the j-th block sub-vector, as

To introduce the proposed approach, we rewrite the signal
model (2.1) as
Ȳi = X̄H̄i + N̄i , 1 ≤ i ≤ K
where

M H
Y AR ,
PT i


M H
M H
X AT , N̄i =
N AR .
X̄ =
PT
PT i

H̄i =

(3.1)

=

(3.2)

(3.3)

where yi  vec(ȲiH ), ni  vec(N̄iH ),
hi  vec(H̄iH ) = vec(Hia ) ∈ C M N

(3.4)

is the unknown angular-domain channel vector associated with
the i-th user, and
 = (X̄ ⊗ I N ) ∈ CT N ×M N

M


w j z( j)2 ,

(3.6)

where w j ∈ [0,1] is the weighting coefficient assigned to the jth block. The proposed algorithm is detailed in Table I (see next
page).
B. Discussions

Based on the vectorization operation vec(·) [18], (3.2) can be
equivalently expressed as
yi = hi + ni , 1 ≤ i ≤ K

z1,w,B 

j=1



(Hia ) H , Ȳi
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(3.5)

is the effective sensing matrix with ⊗ denoting the Kronecker
product. Based on (3.3), the proposed CS algorithm for downlink CSI estimation is introduced next.
2 In [5], the bounds on the sparsity levels were imposed in a probability sense
rather than in the deterministic setting as we do in Assumption III; that is, it
is assumed in [5] that Pr{|Tc | ≥ sc and |Ti | ≤ si , 1 ≤ i ≤ K } > 1 − η holds
for some small η > 0. However, since such assumptions are less relevant to
the algorithm design, we do not pursue the probability based statements here
so as to simplify the exposure. Also, it is noted that estimation of these sparsity level bounds can be done via certain pre-measurement procedures; see the
discussions in [5].

1. Without the side information about the common and individual supports, the weighting coefficients are uniformly
set to w j = 1 in Stage I, and the problem (P1) is therefore
simply that of the conventional block 1 -minimization
program in [16]. The solution to problem (P1) provides
sort of coarse channel estimates from which prior support
knowledge can be extracted.
2. Given the estimated individual supports 
Ti for 1 ≤ i ≤ K ,
a three-level weighting scheme is used to solve problem (P2) in Stage II. Specifically, the indexes of 
Ti (i.e.,
those adjudged as likely candidates) are assigned small
weighting coefficients (0 ≤ wc ≤ w ≤ 1) so to penalize
the corresponding block entries less in the cost function.
In particular, the assignment wc ≤ w places more trust on
the indexes in the estimated common support 
Tc (as comTc = T̄i ), in an attempt to reflect that
pared to those in 
Ti \

Tc is obtained by a sort of joint majority voting process
(see step 3 in Stage I).
3. In the implementation of the proposed algorithm, it is
implicitly assumed that the data mismatch is bounded,
and a knowledge of the error level ε is required to solve
the optimization problems (P1) and (P2). In our signal
model (3.3), the channel noise is Gaussian and is thus
unbounded. However, Gaussian noise is commonly considered as “essentially bounded,” which means that the
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TABLE I
P ROPOSED T WO -S TAGE W EIGHTED 1 -M INIMIZATION A LGORITHM

a bounded 2 -norm error constraint have been widely
employed in studies of CS-based communication systems
corrupted by Gaussian channel noise [19]–[23], wherein
the error bound of the constraint is set to be a scaled noise
variance, as is done in the present study.
4. An alternative method for CSI estimation in the considered scenario involves exploitation of the joint sparsity inherent to the channel matrix H̄i (3.1) under the
multiple-measurement-vector (MMV) setting, as in [5].
Notably, associated with each MMV model (3.1) under
joint sparsity there is one and only one corresponding
block-sparsity based single-measurement-vector (SMV)
representation (3.3) via the Kronecker product operation,
and vice versa. The two models thus differ in the ways
in which the data are arranged and collected, and the differing data collection methods result in differing forms of
sparsity (joint sparsity versus block sparsity), and hence
differing problem formulations. As far as we can see, the
key difference between these two methods is in their analytical aspects. Specifically, the main advantage of the
adopted SMV model is its facilitation of weighting coefficient design to exploit the prior support knowledge. It
is noted that weighted 1 -based minimization (along with
weighting factor selection adapted to prior support information) in an SMV setting has been well documented
in the literature of CS (see [24] for an original work on
this subject and [25]–[27] as three recent studies); however, less is done regarding this issue under the MMV
framework.
5. Table II details the flop count evaluation of the OMPbased algorithm in [5, p-3265]; the results show that the
number of flop counts is on the order of O(8M N sT )
(note that the number of transmit antennas, M, in a
massive MIMO is large). The proposed scheme basically employs two block 1 -minimization algorithms
and, according to [28], the algorithmic complexity is
on the order of O(4M 3 K ). As expected, our method
is more computationally intensive for larger values of
M; it nonetheless affords more accurate CSI estimation accuracy, as will be demonstrated in the simulation
section.

IV. R IP -BASED P ERFORMANCE G UARANTEES
This section studies RIP-based performance guarantees for
the proposed algorithm. Section IV-A first reviews the block
RIP, and establishes a necessary and sufficient condition for the
block RIP of the effective sensing matrix  in (3.5). Section IVB then develops block RIP-based performance guarantees of
the proposed method under various assumptions regarding
the weighting scheme. By means of the obtained analytical
results, Section IV-C discusses the selection of the weighting
coefficients to enhance the CSI estimation quality.

noise amplitude mostly falls below a sufficiently large
threshold. In our simulations, the error level
√ ε is simply set to the average noise power: ε = σn (M N )/P;
this setting is seen to yield satisfactory CSI estimation
accuracy. Indeed, 1 -minimization based methods with

A. Block RIP of the Effective Sensing Matrix 
In the literature of CS, sufficient conditions guaranteeing
exact/stable signal reconstruction are commonly characterized
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TABLE II
F LOP C OUNT E VALUATION OF THE J OINT OMP A LGORITHM IN [5]

in terms of the RIP of the sensing matrix [7]–[9]. For signal
recovery exploiting the block sparsity, generalization of the RIP
to the block case is needed.
Definition 4.1 [16]: The sensing matrix  satisfies the block
RIP of order s if there exists 0 < δs < 1 such that
(1 − δs ) z22 ≤ z22 ≤ (1 + δs ) z22

(4.1)

holds for all block s-sparse z. δs is called the block restricted
isometry constant (B-RIC).

It should be noted from (3.5) that  = (X̄ ⊗ I N ), which is
the Kronecker product of the training symbol matrix X̄ and
the identity matrix I N . Based on the Kronecker product operation, the following theorem provides a necessary and sufficient
condition for the block RIP of .
Theorem 4.2: Let the sensing matrix  be defined as in (3.5).
Then  satisfies the block RIP of order s with a B-RIC 0 <
δs < 1 if and only if the training symbol matrix X̄ satisfies the
RIP of order s with the same δs .
Proof: See Appendix A.

Hence, to guarantee the block RIP of the effective sensing
matrix , it is only necessary to ensure that the training symbol
matrix X̄, which is entirely determined by the designers, satisfies the RIP. One can, for example, resort to random sensing,
with entries of X̄ generated from the family of sub-Gaussian
distributions, so that X̄ can satisfy the RIP with a very high
probability [8], [9].

be the support estimate obtained by solving problem (P1).
Assume that


Ti ∩ 
Ti  = αsi , for some α ∈ [0, 1],
(4.2)
wherein a fraction α among the indexes of the true support Ti
is correctly identified in the first stage. Also, assume that, for
some a > 1 with asi being a positive integer, the sensing matrix
 satisfies the block RIP of order (a + 1)si with a constant
0 < δ(a+1)si < 1 fulfilling
δasi +

asi
(W1 + W2 )

δ
2 (a+1)si

<

asi
(W1 + W2 )2

− 1,

(4.3)

where
W1 


j∈Ti

w 2j and W2 


i
j∈Tic ∩T

(1 − w j )2 .
(4.4)

If 
hi is a minimizer of problem (P2) for an arbitrary but fixed
set of weighting factors {w1 , · · · , w M }, the reconstruction error
is bounded such that



hi − hi 2 ≤ C0 ε,

2
2 1 + W√1 +W
asi

where C0 
(4.5)
2
1 − δ(a+1)si − 1 + δasi W√1 +W
as
i

B. RIP-Based Performance Guarantee
To characterize the achievable performance of the proposed
scheme using the block RIP, we need the following theorem,
which specifies an 2 -norm reconstruction error upper bound
under the general weighting assignment (i.e., w j ‘s can be arbitrarily chosen). The result obtained by the theorem is actually
a generalization of that of the analysis in [17] for the block
case.
Theorem 4.3: Let hi be the block sparse  angular-domain

Ti  = |Ti | = si ,
Ti , with 
channel vector with support Ti , and 

Proof: See Appendix B.

With the adopted three-level weighting assignment in (P2),
the performance guarantee of the proposed CSI estimation
method is obtained in the following theorem.
Theorem 4.4: For 0 ≤ wc ≤ w ≤ 1, consider the three-level
Tc , w j = w for
weighting scheme given by w j = wc for j ∈ 
c



j ∈ Ti \Tc , and w j = 1 for j ∈ Ti . Using the same assumptions of Theorem 4.3, but replacing (4.3) with
δasi +

asi
asi
δ(a+1)si < 2 − 1,
W32
W3

(4.6)
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where
√
√
W3  wc si + (1 − wc ) 2si (1 − α) + (w − wc ) αsi ,
(4.7)
a minimizer 
hi of problem (P2) satisfies



hi − hi 2 ≤ C1 ε,
√
2 1 + (W3 / asi )
. (4.8)
where C1 
1 − δ(a+1)si − W3 (1 + δasi )/(asi )
Proof: See Appendix C.

Remarks:
1. Using the definition of W3 in (4.7), it can be shown that
C1 in (4.8) decreases with α, the fraction of the elements of Ti correctly identified in the first stage. Hence,
a more reliable support identification in the first stage
(thus, a large α) improves the overall channel estimation
accuracy.
2. The conditions in (4.3) and (4.6), which involve both
the B-RIC δasi and δ(a+1)si , seem to be somewhat difficult to verify. Following [17] and using the fact that
δasi ≤ δ(a+1)si , after some manipulations we can readily
obtain the following sufficient conditions for (4.3) and
(4.6), respectively:
δ(a+1)si ≤

asi − (W1 + W2 )2
asi + (W1 + W2 )2

,

(4.9)

and
δ(a+1)si ≤

asi − W32
asi + W32

.

(4.10)


C. Selection of the Weighting Coefficients
The developed analytic performance guarantees in
Section IV-B can be further used to generate appropriate
guidelines for selecting the weighting coefficients wc and w to
enhance the CSI estimation performance. To this end, we once
again consider the reconstruction error upper bound in (4.8),
noting that the upper bound is reduced if W3 , which is a function of (wc , w), is kept small. Consequently, a natural criterion
for selecting (wc , w) is to minimize W3 ; more precisely, we
consider the following optimization problem
√
√
(P3) Minimize wc si +(1−wc ) 2si (1−α)+(w−wc ) αsi
(wc ,w)

s.t. 0 ≤ wc ≤ w ≤ 1
Here, (P3) is a standard linear programming problem whose
solution is given in the following theorem.
Theorem 4.5: The optimal solution to problem (P3) is as
follows.
(1). (wc , w) = (1, 1) if α < 0.5.
(2). wc = w if α = 0.5.
(3). (wc , w) = (0, 0) if α > 0.5.
Proof: See Appendix E.


The results of Theorem 4.5 have some interesting interpretations. If α is small, implying poor support estimation in the
first stage, the incorporation of the “mismatched” support information should be avoided in the proposed design, and all the
weights can thus be set to unity. If α is large, implying the
acquisition of highly accurate support knowledge, the investment of confidence in such prior information (with zero weight)
improves the CSI estimation accuracy. For α = 0.5, the theorem does not afford any specific choice of the weighting
coefficients, other than wc = w. It is noteworthy that similar
results have also been obtained in the conventional case with a
block size of one [17, p-1125].
It should be noted that the optimal solution obtained by
Theorem 4.5 is dependent on α, which is a system parameter
not always readily available. As an alternative means of generating guidelines for selecting (wc , w), the following question
is posed: Under what conditions does the proposed two-stage
processing—involving the solution of (P1) to extract prior support knowledge, and the subsequent solution of (P2) using the
obtained support information for CSI estimation—outperform
the naive un-weighted scheme, which involves a direct solution
of (P1) for channel matrix estimation. To answer this question,
we examine and compare the reconstruction error upper bounds
of the two methods. The reconstruction error upper bound for
the naive approach is (see Appendix D for the derivation)



hi − hi 2 ≤ C2 ε,
√
2(1 + 1/ a)
where
C2 
.
(4.11)
1 − δ(a+1)si − (1 + δasi )/a
The following corollary provides a sufficient condition under
which C1 < C2 holds, and this guarantees that the proposed
method achieves better estimation accuracy compared to the
naive solution3 .
Corollary 4.6: Let C1 and C2 be defined respectively by
(4.8) and (4.11). We have C1 < C2 if the fraction α of the
correctly identified support elements satisfies
  



2
2
2
w−wc
w−wc
w−wc
2 + 3 1−wc
+ 2 1−wc
4 + 4 1−wc
α>
2+



w−wc
1−wc


2 2

,
(4.12)

where wc and w are respectively the weighting factors assigned
Ti \
Tc .
to the indexes in 
Tc and 
Proof: See Appendix F.

Figure 2 shows a plot of the lower bound (4.12) of α as a
function of the feasible set of weighting factors {(wc , w)|0 ≤
wc ≤ w ≤ 1}. The graph is drawn to afford some guidelines
for the selection of wc and w. It is observed from the figure
that the lower bound (4.12) attains the minimum (= 0.5) when
the coefficient pairs lie on the straight line w = wc . Because a
small lower bound of α implies a less strict requirement for the
3 The condition C < C does not strictly guarantee the achievement of a
1
2
smaller reconstruction error by the proposed method because our analyses are
based on the upper bounds of the error. Nevertheless, error bounds have been
widely adopted in performance studies on CS to facilitate analysis.
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Fig. 2. Plot of the lower bound (4.12) of α (the fraction of the support elements correctly detected in the first stage) as the graph over the feasible set of
weighting factors {(wc , w)|0 ≤ wc ≤ w ≤ 1} (the dark blue triangular region).

quality of support estimate in the first stage, the results suggest
that w = wc is a good weighting factor for CSI estimation in the
second stage. This agrees with the assertion of Theorem 4.5.
Remarks:
1. Note again that, for w = wc , the inequality (4.12) is
reduced to α > 0.5, which implies that more than one half
of the support elements are correctly identified in the first
stage. We note that the condition α > 0.5 has also been
reported for the conventional case [17] as a sufficient condition for guaranteeing that the weighted 1 -minimization
(with a constant weight assigned to each known support
element) outperforms the un-weighted naive approach.
2. Through intensive simulation using the true 2 reconstruction error, it is found that, in some cases, the selection
w = wc does not yield the best estimation performance.
This discrepancy is due to the fact that the above analyses rely on the RIP-based upper bound (4.5) of the square
error, and not on the square error per se. Notably, RIPbased analyses have been known to yield the worst-case
performance guarantees [24], which tend to be overly pessimistic and may fail to pinpoint the exact relationship
among the involved system parameters. Development of
new approaches to better reflect, and predict, the system
performances remains an open problem in the literature
of CS [29].
3. The above performance guarantees are developed under
the perfect block sparseness assumption, that is, the
channel coefficients outside the support are identically zero. Following [17], our analyses can be easily
extended to deal with approximately block sparse channels whose coefficients apart from those dominant components assume small magnitudes; in this case, an extra
penalty term that takes the imperfect block sparsity into
consideration will be included in the expression of the
upper bound of the reconstruction error.
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Fig. 3. NMSE of the proposed method, the naïve solution, and the OMP-based
solution [5] for different SNR (M = 100, T = 45, s = 15, sc = 4).

uniformly generated over [0,2π ]. For simplicity, the statistical
bounds si , 1 ≤ i ≤ K , for the individual sparsity levels are uniformly set to be si = s > 0. The entries of the training symbol
matrix X̄ are generated according to the symmetric Bernoulli
distribution. The SNR is defined as SNR  P/σn2 , which is the
transmit SNR considered in [5].
A. Comparison With the Un-Weighted Block 1 -Minimization
Scheme
To demonstrate the advantage of using prior support knowledge for CSI recovery, we first compare the proposed two-stage
algorithm with the naive solution involving only solving problem (P1) for channel matrix estimation. Figure 3 shows the
normalized mean square error (NMSE) achieved by the two
methods for a BS array size M = 100 and training interval
T = 45, with the sparsity level bounds set to sc = 4 and s = 15.
As can be observed, for a low SNR (< 5 dB), the performances
of both methods are almost the same. However, with increasing
SNR, the proposed two-stage processing outperforms the naive
solution. This is because the support knowledge acquired in the
first stage for a low SNR is less accurate, and this degrades the
performance of the proposed method. As the SNR increases,
the proposed method exploits the more reliable support information to improve the accuracy of the CSI estimation. Table III
lists the values of the pair of weighting coefficients (wc , w)
used to solve problem (P2) for different SNRs. The values were
obtained by extensive numerical simulations. In the low-SNR
regime (with a small α), the suggested pair is (wc , w) = (1, 1),
while (wc , w) = (0, 0) is the best choice when SNR is high
(with a large α). This agrees with the assertion of Theorem 4.5
and the discussion of Section IV. In the medium-SNR regime,
wherein knowledge of the estimated common support tends to
be more reliable owing to majority voting, (wc , w) = (0.4, 0.6)
is the best assignment (a smaller wc places more trust on the
common support elements).

IV. S IMULATION R ESULTS
Our simulations consider an FDD massive MIMO system,
with K = 8 users each equipped with N = 2 receive antennas.
The flat-fading channel gains are i.i.d. complex Gaussian with
zero mean and unit variance. The angles of departure are

B. Comparison With OMP-Based Solution [5]
We compare the proposed method with the OMP-based
scheme [5]. Figure 3 shows the NMSE for the two methods
with respect to the SNR for a BS array size M = 100 and

1062

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 64, NO. 3, MARCH 2016

TABLE III
PAIRS OF A DOPTED W EIGHTING C OEFFICIENTS (wc , w)
W ITH R ESPECT TO THE SNR

Fig. 5. NMSE of the proposed method and the OMP-based solution [5] at
different training intervals (M = 100, s = 15, sc = 4).

Fig. 4. NMSE of the proposed method and the OMP-based solution [5] for
different SNR (K = 40, M = 160, N = 2, T = 45, s = 17, sc = 9).

training interval T = 45, with the sparsity level bounds set
to sc = 4 and s = 15. As can be observed from the figure,
the proposed method yields a lower NMSE. This is not unexpected because in the literature of CS 1 -minimization based
method is known to outperform greedy-based signal reconstruction methods such as OMP. Figure 4 further compares the
two methods for the parameter settings used for Fig. 6 of [5],
namely, T = 45, M = 160, N = 2, K = 40, sc = 9, and s =
17 (the genie-aided LS performance is also included). The following can be deduced from the figure. Firstly, in the high-SNR
regime (above 20 dB), the J-OMP method outperforms the proposed method. This is because, as the number of users increases
to K = 40, knowledge of the common support obtained via
majority voting is more reliable, and the OMP is more accurate owing to the utilization of LS estimation of the channel
coefficient associated with each support index. Secondly, for a
low-to-medium SNR (<17 dB), the proposed method achieves
a small NMSE, and outperforms the genie-aided LS estimator
for SNR < 10 dB. This can be attributed to the fact that, upon
identifying the channel support, the OMP method computes
the corresponding channel tap matrices using the conventional
LS estimator, which results in relatively poor estimation accuracy for a high noise level. Figure 5 compares the two methods
for different training interval T, with M = 100, P = 30, s =
15, sc = 4, and SNR = 30 dB. As can be seen, the estimation accuracy of both methods improves with increasing T.
This is because, as T increases, the dimension of the measured
data in the channel estimation equation (3.3) also increases,
resulting in a smaller restricted isometry constant and better
noise smoothening. However, the proposed approach outperforms the OMP-based solution, especially for a small T; hence,
our method can reliably estimate the channels with less training

Fig. 6. NMSE of the proposed method and the OMP-based solution [5] with
different BS array sizes (T = 45, s = 15, sc = 4).

overhead. Figure 6 further compares the two methods with
respect to the BS array size M, for T = 45, P = 30, s = 15,
sc = 4, and SNR=30 dB. It can be seen from the figure that the
performances of both methods degrade as M increases. This is
because the number of unknown channel coefficients to be estimated increases with M. The proposed approach, however, still
yields lower NMSE.
V. C ONCLUSIONS
In this paper, we propose a weighted block 1 -minimization
based downlink CSI recovery scheme for FDD massive MIMO
systems. The proposed method exploits the block sparse nature
inherent to the angular-domain representation of the channel
matrix and involves two-stage processing. The first stage solves
a conventional block 1 -minimization problem to extract the
support knowledge of the multi-user channel matrices, while
the second stage uses the obtained support information for CSI
recovery by conducting weighted block 1 -minimization. The
RIP-based performance guarantees of the proposed method are
analytically characterized. First of all, it is shown that the effective sensing matrix of the CSI estimation equation satisfies the
block RIP if and only if the training symbol matrix satisfies the
RIP with the same constant. This facilitates the generation of
good sensing matrices for CSI recovery. Then, using the block
RIP, sufficient conditions guaranteeing stable CSI recovery are
obtained for the general weighting scheme and the adopted
three-level assignment. In particular, the reconstruction error
upper bounds are analytically derived; this allows us to further
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discuss the selection of weighting coefficients to enhance CSI
estimation quality and, in addition, to investigate conditions
under which the proposed weighted block 1 -minimization
method outperforms the un-weighted naive solution. The block
RIP-based performance analysis in our study generalizes the
analysis in [17] for the block case with a general weighting
assignment. Simulation results confirmed the higher estimation accuracy of the proposed method compared to the existing
OMP-based solution [5]. Further study is ongoing to extend the
proposed method to cases with limited feedback.

Let us partition T c into, say, L − 1 disjoint sets T c = T1 ∪
T2 ∪ · · · ∪ T L−1 , each consisting of as blocks in the descending order of block 2 -norm. The following inequalities hold for
each 2 ≤ l ≤ L − 1:

A PPENDIX

e2 ≤ eT 2 + eT c 2 .

For notational simplicity, the subscript i (i.e., the index for
users) is omitted in the appendix.

Using (B.4), it suffices to find upper bounds for eT 2 and
eT c 2 , respectively. Using the triangular inequality and (B.3),
it follows that
 L−1 
L−1
L−1
 

  (a) 1 






eT  ,
≤
eT c 2 = 
eTl 2 √
eTl  ≤
l−1 1,B


as

A. Proof of Theorem 4.2
To prove Theorem 4.2, the following lemma is employed.
Lemma A.1 [18, p-246]: For A ∈ Cm×n and B ∈ C p×q , with
rank(A) = r1 and rank(B) = r2 , let {σ1 (A), · · · , σr1 (A)} and
{σ1 (B), · · · , σr2 (B)} be, respectively, the associated sets of
singular values. Then the set of singular values of A ⊗ B is

{σk (A)σl (B) | 1 ≤ k ≤ r1 , 1 ≤ l ≤ r2 }.
T
N
×s
N
[Proof of Theorem 4.2]: Let  s ∈ C
be a block
sub-matrix of  composed of an arbitrary collection of s column blocks, and X̄s ∈ CT ×s be the corresponding sub-matrix
of X̄ such that  s = (X̄s ⊗ I N ). Hence,  satisfies the block
RIP of order s with a constant 0 < δs < 1 if and only if the
maximum and minimum singular values of  s , respectively
denoted by σ̄ ( s ) and σ ( s ), satisfy
1 − δs ≤ σ ( s ) ≤ σ̄ ( s ) ≤

1 + δs .

(A.1)

Because  s = (X̄s ⊗ I N ) and all the singular values of
I N are identical to one, it follows directly from Lemma A.1
that σ̄ ( s ) = σ̄ (X̄s ) and σ ( s ) = σ (X̄s ), which together with
(4.1) implies
1 − δs ≤ σ (X̄s ) ≤ σ̄ (X̄s ) ≤

1 + δs .

(A.2)

The inequality (A.2) is equivalent to the s-order RIP of X̄
with the constant δs . The proof is completed.



  (a) √  
(b) 1 
eT  ≤ as eT 
≤ √ eTl−1 1,B ,
l 2
l ∞,B
as

(B.3)

where (a) follows directlyfrom the definitions of the norms in
(B.1), and (b) holds since eTl ∞,B ≤ (1/as)eTl−1 1,B . With
T = T ∪ T1 and using the triangular inequality, we have

l=2

2

l=2

(B.4)

l=2

L−1

1 
eT  = √1 eT c 1,B
≤√
t 1,B
as
as

(B.5)

t=1

where (a) follows from (B.3). On the other hand, since by
assumption  satisfies the block RIP of order (a + 1)s and eT
is (a + 1)s-block sparse, we immediately have
1 − δ(a+1)s eT 2 ≤ eT 2 .

(B.6)

Considering
 that h and ĥ are both feasible, we


have
 ĥ − y + h − y2 =  (h + e) − y2 +
2
h − y2 ≤ 2ε, which, using the triangular inequality,
implies
eT 2 − eT c 2 ≤ e2
≤ e + h − y2 + h − y2 .
≤ 2ε

(B.7)

From (B.7) and (B.5), we can obtain
L−1



eT 

eT 2 ≤ 2ε + eT c 2 ≤ 2ε +

l

2

l=2

B. Proof of Theorem 4.3

≤ 2ε +

The following two vector block norms will be used for this
proof:
z1,B 

M

j=1

z( j)2 , and z∞,B  max z( j)2 .
j

L−1

 
eT 
l

2

l=2

√
L−1

1 + δas  
eT 
≤ 2ε + √
l−1 1,B
as
l=2
√
(b)
1 + δas
≤ 2ε + √
eT c 1,B ,
as
(a)

(B.1)

Let 
h = h + e be a minimizer of the weighted block 1 minimization problem (P2), and eT be a sub-vector of e
supported on the block index set T such that

e( j), j ∈ T
(B.2)
eT ( j) =
0, otherwise.

1 + δas

(B.8)

where (a) follows from (B.3) and (b) holds based on (B.5).
Combining (B.6) and (B.8) we obtain
eT 2 ≤

2ε
+
1 − δ(a+1)s

√
1+δ
eT c 1,B .
√ √ as
as 1−δ(a+1)s

(B.9)
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With (B.5) and (B.9), all that is required is to determine an
upper bound for eT c 1,B . Toward this end and considering that
ĥ is a minimizer, we first note that

From (B.9) and (B.16), we obtain


√
) 1+δas
eT 2 ≤ 2ε.
1 − δ(a+1)s − (W1 +W√2as

h + e1,w,B ≤ h1,w,B

(B.10)

If we decompose the set {1, · · · , M} into a union of four disT c ∩ T and 
T c ∩ T c , (B.10) can
joint subsets 
T ∩ T, 
T ∩ Tc , 
then be expressed as


w j h( j) + e( j)2 +
w j e( j)2

j∈T∩T

+

 c
j∈T∩T



w j h( j) + e( j)2 +

c ∩T
j∈T



≤



w j h( j)2 +


j∈T∩T



w j e( j)2

c ∩T c
j∈T

w j h( j)2 ,

(B.11)

c ∩T
j∈T

+





≤−



w j e( j)2 −

 c
j∈T∩T

w j e( j)2 .

≤

w j e( j)2 +


j∈T∩T

w j e( j)2 ,

(B.13)



 T
c )∩T c
j∈(T\

e( j)2 .

c ∩T
j∈T

Adding


wc

c ∩T
j∈T

and

subtracting



wc

c ∩T c
j∈T

e( j)2

(and

e( j)2 , respectively) on the left-hand-side (and

right-hand-side) of (C.1), we have

e( j)2 + (w − wc )
wc
j∈T c

≤ wc







e( j)2

c ∩T c
j∈T



e( j)2 + (w − wc )

j∈T



+ (1 − wc )

e( j)2

 T
c )∩T c
j∈(T\

e( j)2

 T
c )∩T
j∈(T\

e( j)2 .

(C.2)

c ∩T
j∈T

∈
Tc

in the adopted setting.
because w j = 1 for all j
Substituting (B.13) into (B.14), we obtain


eT c 1,B ≤
1 − w j e( j)2
w j e( j)2 +
 c
j∈T∩T


 


(a) 

≤
w 2j eT 2 +
(1 − w j )2 eT∩T
 c 2
 c
j∈T∩T

(B.15)

where (a) holds
 by using the Cauchy-Schwarz inequality.

Since eT∩T
 c 2 ≤ eT 2 and eT 2 ≤ eT 2 , it follows from
(B.15) that
eT c 1,B ≤ (W1 + W2 ) eT 2 .



e( j)2 +

 T
c )∩T
j∈(T\

 c
j∈T∩T




= W1 eT 2 + W2 eT∩T
 c 2,

c ∩T c
j∈T



e( j)2 +w

+ (1 − wc )

(B.14)

j∈T



(C.1)

by defining T c = (
T ∩ T c ) ∪ (
T c ∩ T c ) and T = (
T
∩ T) ∪ (
T c ∩ T). Following the procedure in [17], eT c 1,B
can be expressed as


eT c 1,B =
w j e( j)2 +
1 − w j e( j)2 ,

j∈T

(B.18)

C. Proof of Theorem 4.4

c ∩T
j∈T

j∈T c

.

The assertion follows from (B.4), (B.18), and (B.19).

(B.12)

c ∩T c
j∈T



√
(W1 +W√2 ) 1+δas
as

1
1
eT c 2 ≤ √ eT c 1,B ≤ √ (W1 + W2 )eT 2 . (B.19)
as
as

c ∩T
j∈T

c ∩T c
j∈T



1 − δ(a+1)s −

Based on (B.5) and (B.16), we obtain

≤ wc

Using (B.12) and the triangular inequality, we can obtain


w j e( j)2 +
w j e( j)2
 c
j∈T∩T

2ε

eT 2 ≤

c ∩T c
j∈T

w j h( j) + e( j)2 − h( j)2

c ∩T
j∈T

If the condition (4.3) is satisfied, it follows directly from
(B.17) that

Particularly for the considered three-level case, inequality
(B.13) can be decomposed into



e( j)2 +w
e( j)2 +
e( j)2
wc

which after some manipulation rearrangement reads

w j h( j) + e( j)2 − h( j)2

j∈T∩T

(B.17)

(B.16)

As in Appendix B, our purpose is to determine an upper
bound for eT c 1,B . First of all, we note that


(a)
e( j)2 + (1 − wc )
e( j)2
eT c 1,B = wc
c ∩T c
j∈T

j∈T c

+ (1 − wc )
(b)

≤ wc





e( j)2

 c
j∈T∩T

e( j)2 + (1 − wc )

j∈T

+ (1 − wc )



e( j)2

c ∩T
j∈T



e( j)2

 c
j∈T∩T

⎛

+ (w − wc ) ⎝


 T
c )∩T
j∈(T\

e( j)2 −


 T
c )∩T c
j∈(T\

⎞
e( j)2 ⎠
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= wc eT 1,B + (1 − wc )e(T∪T)\(


T∩T) 1,B


 





+ (w − wc ) e(T\
− e(T\
 T
c )∩T 
 T
c )∩T c 
1,B
1,B




≤ wc eT 1,B + (1 − wc )e(T∪T)\(



T∩T)
1,B




+ (w − wc )e(T\
,
 T
c )∩T 
1,B

As in Appendix B, our purpose is to determine an upper
bound for eT c 1,B . Following (D.1), we note that


(a) √
e( j)2 ≤
e( j)2 ≤ seT 2 , (D.2)
eT c 1,B =
j∈T c

(C.3)

where (a) holds because
is the union of disjoint subsets 
T∩
c
c
c

T and T ∩ T , and (b) follows directly from (C.2). Using the
Cauchy-Schwarz inequality, the following can be obtained:
√
eT 1,B ≤ |T|eT 2 = seT 2 ,









(

T
∪
T)\(
T
∩
T)
≤
e
e(T∪T)\(





T∩T) 1,B
(T∪T)\(T∩T) 2




= 2s(1 − α)e(T∪T)\(
 ,


T∩T)
2










T\
Tc ) ∩ T e(T\
≤ (
e(T\
 T
c )∩T 
 T
c )∩T 
Tc

1,B

2



 ,
≤ αs eT∩T
(C.4)

2


 
T ∩ T  = αs.
T\
Tc ) ∩ T  ≤ 
where (a) holds since (
Combining (C.3) and (C.4), we have


√


eT c 1,B ≤ wc seT 2 +(1−wc ) 2 s(1−α)e(T∪T)\(


T∩T) 2

√ 
 .
+ (w − wc ) αs eT∩T
(C.5)

2




Since eT 2 ≤ eT 2 , e(T∪T)\(
 ≤ eT 2 , and


T∩T)
2


e  ≤ eT 2 , it follows from (C.6) that
(a) √

T∩T 2

eT c 1,B ≤ W3 eT 2 ;

(C.6)

It should be noted that (C.6) is similar to (B.16), with the
exception that W1 + W2 is replaced by W3 defined in (4.7).
Now, from (B.9) and (C.6), we obtain
√
2ε
3 1+δas
eT 2 .
eT 2 ≤
+ √ W√
(C.7)
as 1−δ(a+1)s
1 − δ(a+1)s
Under the condition (4.6), it can be deduced from (C.7) that
2ε
√
eT 2 ≤
.
(C.8)
as
1 − δ(a+1)s − W3 √1+δ
as
According to (B.5) and (C.8), we obtain
1
W3
eT c 2 ≤ √ eT c 1,B ≤ √ eT 2 .
as
as

(C.9)

The assertion then follows by substituting (C.8) and (C.9)
into (B.4).

D. Derivation of (4.11)
The performance guarantee of the considered case can be
obtained by going through the proof in Appendix B with the
estimated support chosen to be the empty set, i.e., 
T = φ. The
inequality (B.13) can then be simplified to


e( j)2 ≤
e( j)2 .
(D.1)
j∈T c

j∈T
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j∈T

where (a) holds based on the Cauchy-Schwarz inequality.
Because eT 2 ≤ eT 2 , it follows from (D.2) that
√
eT c 1,B ≤ seT 2 .
(D.3)
It should be noted that (D.3) is similar√to (B.17), with the
exception that W1 + W2 is replaced by s. Now, (B.9) and
(D.3) yield
eT 2 ≤

2ε
+
1 − δ(a+1)s

√
1+δas
eT
√ √
a 1−δ(a+1)s

2 .

(D.4)

Under the condition δas + aδ(a+1)s < a − 1, it can be
deduced from (D.4) that
eT 2 ≤

2ε
1 − δ(a+1)s −

√
1+δ
√ as
a

.

(D.5)

From (B.5) and (D.3), we obtain
1
1
eT c 2 ≤ √ eT c 1,B ≤ √ eT 2 .
as
a

(D.6)

The assertion then follows by substituting (D.5) and (D.6)
into (B.4).

E. Proof of Theorem 4.5
The Karush-Kuhn-Tucker (KKT) condition associated with
problem (P3) is given by
⎧
⎪
∇wc W3 −μ1 ∇wc wc +μ2 ∇wc (wc −w)+μ3 ∇wc (w − 1) = 0
⎪
⎪
⎪
⎪
⎪
⎨∇w W3 − μ1 ∇w wc + μ2 ∇w (wc − w) + μ3 ∇w (w − 1) = 0
−wc ≤ 0, wc − w ≤ 0, w − 1 ≤ 0
⎪
⎪
⎪
μ1 wc = 0, μ2 (wc − w) = 0, μ3 (w − 1) = 0
⎪
⎪
⎪
⎩μ ≥ 0, μ ≥ 0, μ ≥ 0
1
2
3
(E.1)
By some rearrangements of (E.1) we obtain
⎧
√
√
√
⎪
μ1 − μ2 = s − 2s(1 − α) − αs
⎪
⎪
√
⎪
⎪
⎪
⎨μ2 − μ3 = αs
−wc ≤ 0, wc − w ≤ 0, w − 1 ≤ 0
⎪
⎪
⎪
μ1 wc = 0, μ2 (wc − w) = 0, μ3 (w − 1) = 0
⎪
⎪
⎪
⎩μ ≥ 0, μ ≥ 0, μ ≥ 0.
1
2
3

(E.2)

To prove part (1), we first consider the case of α = 0, which
implies that μ2 = μ3 . The solution can be derived under two
0 and μ2 = μ3 > 0. If μ2 =
conditions, namely, μ2 =√μ3 =√
μ3 = 0, then μ1 − μ2 = s − 2s < 0, and there is thus no
solution. If μ2 = μ3 > 0 and, in addition μ1 = 0, the solution
is wc = w = 1; otherwise (i.e., if μ1 > 0), we have the contradiction of wc = 0, wc = w, and w = 1. In the case of 0 < α <
0.5, the solution can be obtained by a similar procedure. Parts
(2) and (3) can also be similarly proven.
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F. Proof of Corollary 4.6
From (4.8) and (4.11), it follows that C1 < C2 if and only if
√
(F.1)
W3 / s < 1,
which by invoking the definition of W3 in (4.7) and through
some manipulation reads
√
(F.2)
(1 − wc ) 2(1 − α) + (w − wc ) α < 1 − wc .
Because wc < 1, (F.2) is equivalent to
2 (1 − α) +

w − wc √
α < 1.
1 − wc

(F.3)

By squaring both sides of (F.3) and rearranging, we have

 !


w − wc
w − wc 2
2
2α (1 − α) < −1 + 2 −
α,
1 − wc
1 − wc
(F.4)
which yields

 !2


w − wc 2
w − wc 2
α (1 − α) < 1 + 2 −
α2
8
1 − wc
1 − wc
 !

w − wc 2
−2 2−
α,
(F.5)
1 − wc
or equivalently,

2+

w − wc
1 − wc

2 !2


2 !
w
−
w
c
α2 − 2 2 + 3
α + 1 > 0.
1 − wc
(F.6)

The inequality (4.12) can be directly obtained by solving
(F.6).
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