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Abstract—In this paper, we propose two generalized precoder
designs to enhance the bit error rates for the general category
of spatial modulation (SM) in multiple-input multiple-output
(MIMO) systems with channel state information at the transmitter
(CSIT). We investigate typical SM-MIMO systems and propose
two optimization formulations for designing precoders. Our design rationale for the first formulation is to maximize the minimum
Euclidean distance among codewords; for the second formulation,
it is to minimize the total signal power for the lower-bounded
Euclidean distances among codewords. Since both formulations
are non-convex and their optimal solutions are generally intractable, we propose an algorithm that acquires effective solutions by iteratively solving the alternative convex problem
linearized and approximated from the original non-convex problem. Discussions on complexity analysis, performance comparisons, design challenges, and robustness in imperfect CSIT are
then provided. By generalizing the design formulations, the proposed precoder designs can be extended to generalized SM, which
completes the investigation for virtually all SM-type systems. Simulation results show that the proposed designs improve the performance of SM-/GSM-MIMO systems and outperform existing
precoding methods with a potentially higher complexity cost.
Index Terms—Spatial modulation, space shift keying, precoding, CSIT, maximum minimum distance problem.

I. I NTRODUCTION

S

PATIAL MODULATION (SM) [1] in multiple-input
multiple-output (MIMO) systems has recently attracted
considerable research interest. The SM simultaneously uses
conventional amplitude and phase modulation (APM) and the
spatial dimension, i.e., the space of the antenna index, to convey
information with only a single activated antenna at each time
instant. Space shift keying (SSK) has been proposed as a
simplified version of SM, which uses only the spatial dimension
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to convey information [2]. To increase the spectral efficiency,
generalized SSK (GSSK) was introduced by activating more
than one single antenna to convey information simultaneously,
which provides a trade-off between complexity and spectral
efficiency [3]. By combining the techniques of SM and GSSK,
generalized SM (GSM) was proposed to further enhance the
spectral efficiency of SM by relaxing the single-activated antenna restriction [4]–[6].
By comparing with conventional MIMO techniques using
only APM to convey information, SM-MIMO provides a simpler transceiver design. With a single activated antenna, the SM
transmitter requires only a single RF chain. Therefore, the complexity of the transmitter can be reduced. As for the receiver, an
optimal detector was proposed in [7]. The complexity of the
SM optimal detector can be reduced through the avoidance of
inter-channel interference, compared with conventional spatial
multiplexing in MIMO techniques such as the vertical Bell Labs
layered space-time (V-BLAST) architecture [8]. SM-MIMO
offers higher energy efficiency due to fewer number of RF
chains. In [9], [10], SM-MIMO has been evaluated in different
system configurations and has shown higher energy efficiency
than conventional MIMO schemes. To further improve the
energy efficiency of SM-MIMO, a sophisticated design was
proposed in [11]. Recently, the theoretical results and benefits
of adopting SM-MIMO systems have been summarized in [12].
Moreover, implementation aspects of SM-MIMO systems have
been investigated in [13], [14] which confirms the theoretical
studies. Some informative surveys on SM-MIMO systems are
provided in [12], [15].
To improve the performance of SM-MIMO, preprocessing at
the transmitter can be a promising option. Motivated by spacetime coding [16], space-time shift keying (STSK) schemes
have been proposed to achieve transmit diversity and coding
gain by encoding space-time dispersion matrices during the
transmission [17]–[23]. Rather than independently mapping
information bits at each time instant, STSK spreads the information bits with the aid of the space-time dispersion matrices,
which imposes the space-time redundancy. In addition to STSK
schemes that encode the transmit signal without channel state
information (CSI) at the transmitter (CSIT), several approaches
for performance enhancement have been proposed with CSIT.
In [24]–[26], link adaptation schemes that adaptively adjust the
transmission rates and modes were investigated. To provide
the selection gain, several antenna selection schemes were
proposed and analyzed in [27]–[31], which showed that a
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promising diversity gain can be provided by antenna selection.
Motivated by MIMO precoding techniques, several methods
were proposed to design the precoding weights with partial
or full CSIT. In [32], precoders were selected from a given
codebook on the basis of statistical CSIT. In [33], a power
allocation scheme was proposed for SSK-MIMO with only
two transmit antennas to minimize the bit error rate. In [34],
the precoding weights of transmit signals were adaptively designed with a structural approach in GSSK systems for MISO
channels. Results of [34] were further extended and studied in
[35] with the aid of a time-orthogonal signal design. In [36],
the system model of [35] was generalized, and sub-optimal
solutions were provided for the precoder design in SSK and
GSSK with MIMO channels.
Several precoder design algorithms have been provided for
SM-MIMO systems [37]–[39]. Algorithms to enhance system
capacity and transmit diversity were proposed with only MISO
channels in [37] and [38], respectively. In [39], a precoder
design algorithm was proposed by quantizing the amplitude
and phase of precoding weights with two transmit antennas.
The precoder which maximizes the minimum distance is then
selected from all possible quantized points and antenna combinations by a brute force approach. Although there are existing
works that have investigated the precoder design for systems
using SSK and GSSK, the existing works are limited to MISO
channels [34], [35] and sub-optimal solutions [36]. Regarding
the precoder design for SM, previous works [37], [38] were
limited to MISO channels; the work [39] was restricted to
the sub-optimal solution, and no analytical formulation was
provided. Moreover, there is no precoder design algorithm for
GSM. Therefore, the investigation on precoder designs for SM-/
GSM-MIMO systems is far from complete. This motivates our
investigation in this work which proposes approaches for the
precoder design applicable to the general category of the SMMIMO systems.
This work investigates precoder designs for SM-/GSMMIMO systems under the assumption of full CSIT. We provide
two precoder design approaches which are general and applicable to virtually all types of SM transmission schemes, i.e.,
applicable to SSK, GSSK, SM, and GSM. Our investigation
begins with the typical SM-MIMO model. We explore the precoded SM-MIMO signal model and formulate an optimization
problem for the precoder design by maximizing the minimum
Euclidean distance among the precoded constellation points
(codewords). With proper conversion, an optimization problem,
named the maximum minimum distance (MMD) problem, is
proposed for the precoder design with standard structure. Because this problem is non-convex and its optimal solution is
intractable, an iterative algorithm, which improves solutions
at each iteration and converges to at least a local optimum
or saddle point, is proposed to acquire effective solutions.
Its rationale is to alternatively solve the original non-convex
problem by iteratively solving the convex problem formulated
by linearizing and approximating the original problem. As an
alternative to the MMD problem, the non-convex guaranteed
Euclidean distance (GED) problem is proposed for the precoder
design. The rationale of the GED problem is to guarantee
the predefined Euclidean distance between codewords for each
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codeword pair. The proposed iterative algorithm is also applicable to GED problem.
Properties of the proposed MMD and GED precoder designs
are analyzed. The tractable complexity due to the fast practical
convergence and well-developed convex solving techniques is
shown in the analyses. In addition, trade-off between complexity and flexibility for using the MMD or GED precder is
discussed. Challenges to acquiring effective solutions of the
proposed MMD and GED problems are also briefly discussed.
These analyses offer insights for using the proposed precoders.
By generalizing the MMD and GED problems, the proposed
designs are then extended to GSM. Precoders for GSM-MIMO
systems can be properly designed by solving the generalized
problems using the proposed iterative algorithm. To the best of
our knowledge, this is the first work to provide comprehensive
formulations and algorithms for the precoder design applicable
to the general category of SM-MIMO systems. Simulations
are provided to demonstrate the performance of the proposed
designs. To show the applicability and superiority of proposed
designs, we provide simulation results in uncorrelated and correlated Rayleigh fading channels with different MIMO setups.
In addition, comparisons with conventional MIMO systems
using the transmit antenna selection schemes are provided.
The sensitivity of the proposed designs to imperfect CSIT is
also shown empirically. Finally, comparisons between different
precoder designs are provided.
The remainder of this paper is organized as follows. In
Section II, the system and signal model of SM-MIMO is
introduced along with the design criteria. In Section III, the
MMD problem and the iterative algorithm for solving the
MMD problem are proposed and analyzed. The GED problem
is introduced in Section IV. In Section V, the properties of
the MMD and GED prcoders are discussed. In Section VI,
the extended investigation for GSM-MIMO is presented. The
simulation results and relevant discussions are presented in
Section VII. Finally, the conclusion, appendices, and references
are provided.
Notation: Boldface capital and lowercase symbols represent
matrices and column vectors, respectively. For example, x ∈
CM×1 and X ∈ CM×N represent a complex M × 1 vector and
a complex M × N matrix, respectively. (X)kl represents the
element of the kth row and lth column of X. xH and x
represent the conjugate transpose and 2-norm of x, respectively.
x∗ and ℜ{x} represent the complex conjugate and real part
of x, respectively. We denote diag(x1 , x2 , . . . , xN ) as a N × N
diagonal matrix with the diagonal terms of x1 , x2 , . . . , xN and
x ∼ CN(0, σ2 I) as the vector with entries being i.i.d. complex
Gaussian random variables with zero mean and variance σ2 .
II. S YSTEM M ODEL AND D ESIGN C RITERION
In this section, the system and signal model for SM-MIMO
is introduced, and the rationale of the design criterion is then
elaborated.
A. System Model for Spatial Modulation
The SM conveys information bits via both the spatial and signal constellations. Specifically, APM, e.g., PSK and QAM, is
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utilized in the signal constellation space to convey information
bits. In the spatial constellation space, different constellation
points are represented by different activated antenna indices,
i.e., the activated antenna is dependent on the information bits
for transmission. We consider a SM-MIMO system with Nt
transmit antennas and Nr receive antennas with the size of APM
being M. The number of information bits conveyed via the
signal constellation is log2 (M) and the number of information
bits conveyed via the spatial constellation is log2 (Nt ). By
placing the APM on the activated transmit antenna controlled
by information bits, the spatial and signal constellations jointly
convey RSM = log2 (Nt ) + log2 (M) bits per channel use (bpcu).
The flat-fading baseband MIMO signal model for SM can be
expressed as
y = Hx + n,

(1)

where y ∈ CNr ×1 is the complex received signal, H ∈ CNr ×Nt
is the complex channel matrix, x ∈ CNt ×1 is the complex
transmitted signal, and n ∼ CN(0, N0 I) ∈ CNr ×1 is the complex
white Gaussian noise. The transmitted signal is represented
as x = pmn en sm . sm ∈ M is the APM symbol, where m =
1, 2, . . . , M, and M is the active APM constellation set. Without
loss of generality, the average energy of the APM symbols is
normalized to a unit power, i.e., E{|sm |2 } = 1. en ∈ A is the
Nt × 1 vector given by
en = [0


...

0

0 1


...

0

0]T ,


where n = 1, 2, . . . , Nt , and A is the active spatial constellation
set. pmn represents the precoding weight of the constellation
point en sm . Note that pmn is a complex scalar instead of a vector
because there is only a single antenna being activated at each
time instant. By expanding Hx, the received signal model for
SM-MIMO is then given by
(3)

where hn is the nth column of H.
B. Precoding Criterion for Spatial Modulation
To simplify the representation of the received signal model,
we consider the following mapping: ci = hn sm ∈ CNr ×1 , pi =
pmn , and i = (m − 1)Nt + n. The received signal model for SMMIMO can be simplified as
y = ci pi + n,

(4)

where i = 1, 2, . . . , Nc , and Nc = MNt . On the basis of the
formulation derived in [7] for the ML detector, the BER is
bounded by
N(i, j)P(ci pi → c j p j )
,
Nc log2 Nc
i=1 j=1


Nc Nc

Pe ≤ ∑ ∑

N(i, j)Q

1
2
2N0 ci pi − c j p j 

Nc log2 Nc

i=1 j=1


,

(6)

where Q(.) is the Q-function. Because ci depends on the
channel and varies with time, our goal is to design the precoding weights adaptively to minimize the upper bound of
the BER, i.e., the right-handed side of (6). However, since
the minimization formulation with the Q-function is not easily
tractable, it is difficult to directly minimize the upper bound.
Instead, we exploit the decreasing monotonicity and the relation between the upper bound and Euclidean distances among
codeword pairs [40]1 to construct an alternative optimization
problem. Specifically, we choose to maximize the minimum
Euclidean distance among precoded constellation points, i.e.,
codewords, under a predefined power constraint.2 With the
assumption of full CSIT, the optimization problem can be
formulated as
max

min

p1 ,...,pi ,...,pNc ∀i, j,i= j

ci pi − c j p j 2
Nc

s.t.

∑ |pi |2 ≤ Pt ,

(7)

i=1

(2)

only nth element is 1

y = pmn hn sm + n,

error probability between ci pi and c j p j . Because the noise is
complex white Gaussian, (5) can be further expressed as

where Pt is the total power constraint.
Comparing the precoder design for SM-MIMO with conventional MIMO, there are two fundamental differences. Firstly,
the precoding weights for SM-MIMO can not be active simultaneously, i.e., only the corresponding weight of the transmitted
constellation point is active at a time instant, because SMMIMO activates only a single antenna at a time. Secondly,
the precoder design in SM-MIMO conceptually is to separate
the effective channel vectors as much as possible for different
transmit antennas instead of improving the equivalent channel
quality as in the conventional MIMO precoding. This is because
the effective channel vectors in SM-MIMO serve as constellation points in the detection domain. Since the precoding weight
is applied to the spatial-signal constellation points, the precoder
implicitly obtains adaptive spatial-signal constellation design
through the power and phase allocation. As a final remark, the
implicit power allocation achieved by (7) might not conform
to potential requirements of element-wise power constraints.
Therefore, if required, additional element-wise power constraints could be included in (7) while resulting in potential
performance degradation and design complexity increase. It
should be noted that the following proposed precoder design
flow is still applicable as the additional element-wise power
constraints are included.

Nc Nc

Pe ≤ ∑

∑

(5)

where N(i, j) is the number of bits in error when ci is erroneously detected as c j and P(ci pi → c j p j ) is the pair-wise

1 The

elaboration is specifically given in page 183–188 in [40].
rationale have been adopted for precoder design in conventional
MIMO systems [41].
2 Similar
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III. P ROPOSED M AXIMUM M INIMUM
D ISTANCE P RECODER
In this section, we reformulate (7) as an optimization problem in the matrix form to provide a fundamental problem
formulation for the precoder design. An iterative algorithm
for solving the problem is then proposed. Moreover, we find
that the solution of the proposed iterative algorithm satisfies
the Karush-Kuhn-Tucker (KKT) condition, i.e., the solution is
at least a local optimum or saddle point if it is not a global
optimum.

convex problem linearized and approximated from the original
non-convex problem.
The procedure of the iterative algorithm is as follows. Firstly,
by linearizing and approximating the inequality constraints,
(9) is converted to a convex problem. The quadratic constraint
functions in (9) are given by

t
ci pi − c j p j 2 ≥ t,

s.t.

∑

Nc
|p |2
i=1 i

H
H
= 2 · pH
k Ri j pk − pk Ri j pk = pk Ri j pk .

(8)

By stacking the coefficients p1 , . . . , pi , . . . , pNc into a vector
form and transforming the constraints into a matrix form, (8)
can be equivalently expressed in the matrix form as
max
p

s.t.

∀i, j, i = j

P2 ≤ Pt ,

(9)

where p = [p1 , . . . , pi , . . . , pNc ]T is the precoding vector, and
Ri j is a Nc × Nc positive semi-definite matrix with elements
given by
⎧
(ci )H (ci ), if k = i and l = i;
⎪
⎪
⎪
⎨ −(ci )H (c j ), if k = i and l = j;
(Ri j )kl =
(10)
(c j )H (c j ), if k = j and l = j;
⎪
H
⎪
⎪
⎩ −(c j ) (ci ), if k = j and l = i;
0, otherwise.
Note that Ri j is positive semi-definite because
pH Ri j p = ci pi − c j p j 2 ≥ 0.

(11)

(9) is then called the MMD problem, which provides the
fundamental problem formulation for the precoder design.
Furthermore, this formulation is a commonly used form for
optimization. Therefore, we can exploit well-developed optimization techniques to design the precoder.
B. Proposed Iterative Algorithm
Now, our goal is to find the best solution to the MMD
problem. However, the MMD problem is non-convex; therefore
the optimal solution to the non-convex problem is generally intractable. To acquire effective solutions for the MMD problem,
we propose an algorithm which iteratively solves the alternative

(13)

(14)

The approximated MMD problem is then given by
max
p

t


H
s.t. ℜ 2 · pH
k Ri j p − pk Ri j pk ≥ t,
p2 ≤ Pt .

t
pH Ri j p ≥ t,

∀i, j, i = j.

Because (13) is generally a complex number, which is not
feasible for the inequality constraint, we further approximate
(13) and make it feasible by obtaining the real part. The
approximation is performed by observing that

H
ℜ 2 · pH
k Ri j pk − pk Ri j pk

∀i, j, i = j

≤ Pt .

(12)

By linearizing (12) from a point in the solution space pk , the
constraint functions then become
H
2 · pH
k Ri j p − pk Ri j pk ,

We now consider the optimization problem in (7). By introducing an additional variable t, (7) can be equivalently
formulated as
max

∀i, j, i = j.

pH Ri j p,

A. Proposed MMD Problem

p1 ,...,pk ,...,pNc
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∀i, j, i = j
(15)

It is obvious that the approximated MMD problem is convex.
Therefore, any algorithm or tool useful for solving the convex
optimization problem, e.g., the interior point method [42] or
CVX tool [43], can be used to solve the approximated MMD
problem efficiently.
To derive the solution of the MMD problem, the approximated MMD problem is iteratively solved with different pk .
We consider the process for solving the approximated MMD
problem as a function F with an input pk and output pk+1 ,
given by
pk+1 = F(pk ).

(16)

Starting from an initial point p0 , (16) is processed iteratively
to generate a sequence of solutions {pk } as the output in an
iteration, which serves as the input for the next iteration. This
iterative process stops when the difference between the input
and output fall within a predefined threshold ε:
pk+1 − pk  ≤ ε.

(17)

The final solution of the sequence is then obtained as the
precoding weights. The resulting precoder is then called the
MMD precoder. The design procedure of the proposed precoder
is summarized in Table I. It is noted that the key in the algorithm
is the exploitation of the convex problem at each iteration to
implicitly indicate the search direction and to update the search
space accordingly. Furthermore, the approximated problem is
convex, and its optimal solution is mathematically tractable.
Therefore, the solution found at each iteration is expected to
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TABLE I
D ESIGN P ROCEDURE OF THE P ROPOSED MMD P RECODER

outperform the previous-round solution if the approximation
is well conducted. Actually, we prove that the proposed iterative algorithm can improve the solution at each iteration in
Section III-C. As a final remark, SSK can be viewed as a special
case (M = 1) in the model; therefore, the proposed precoder
design is applicable to SSK-MIMO systems.

C. Convergence Analysis of the Proposed Iterative Algorithm
In this section, we investigate the asymptotic convergence
of the design process and provide some useful properties. We
consider a sequence of solutions {pk } with infinite length, i.e.,
the iteration is conducted for the infinite number of times. The
sequence {pk } is generated along with the sequence {tk }, which
represents the values of the objective function of the MMD
problem. We will show that the solutions of the sequence are
feasible and improved at each iteration, i.e., {tk } is monotonically increasing.
Lemma 3.1: For any given pk in the approximated MMD
problem, the optimal solution pk+1 is feasible in the MMD
problem.
Proof of Lemma 3.1: The feasible solution of the MMD
problem should satisfy the power constraint. Furthermore, the
feasible solution of the approximated MMD problem satisfies
the same constraint. Therefore, the optimal solution pk+1 is
feasible in the MMD problem.
Lemma 3.1 ensures that the solutions of the sequence
are always feasible in the MMD problem. We now extend
Lemma 3.1 to a stronger result.
Theorem 3.2: If pk is feasible in the MMD problem, then
pk+1 = F(pk ) provides a better feasible solution, i.e., tk ≤ tk+1 .
Proof of Theorem 3.2: See Appendix A.
From Theorem 3.2, we can conclude that t0 ≤ t1 ≤ . . . ≤ tk ≤
. . . ≤ t∞ if p0 is feasible. Moreover, even if p0 is not feasible, the
sequence of solutions is still feasible, excluding p0 . It is obvious
that the equality holds if and only if pk is already the optimal
solution for F(pk ) owing to the convexity of the approximated
MMD problem. With Lemma 3.1 and Theorem 3.2, we start to
prove that the sequence {pk } converges to a local optimum or
saddle point of the MMD problem with infinite iterations using
the KKT condition.
Lemma 3.3: The sequence {pk } converges to a feasible
solution of the MMD problem with infinite iterations.
Proof of Lemma 3.3: From Theorem 3.2, the solutions of
the sequence {pk } are feasible and the corresponding objective
sequence {tk } is monotonically increasing. In addition, the
power constraint provides an upper bound such that the objective function of the MMD problem cannot be infinitely large.

Therefore, the sequence must converge to a feasible solution
because the equality of tk ≤ tk+1 holds.
Theorem 3.4: The sequence {pk } must converge to a local
optimum or saddle point of the MMD problem.
Proof of Theorem 3.4: Details are provided in
Appendix B.
Results in this section show that the proposed iterative algorithm can generate an improved solution to the original problem
at each iteration. In addition, the feasibility and convergence are
guaranteed. Furthermore, Theorem 3.4 provides the advantageous property that the proposed algorithm converges to at least
the local optimum or a saddle point, if not a global optimum.
IV. P ROPOSED G UARANTEED E UCLIDEAN
D ISTANCE P RECODER
The design rationale of the MMD problem is to maximize
the minimum Euclidean distance subject to a power constraint.
Intuitively, another formulation for the precoder design is to
guarantee the minimum Euclidean distance among codewords
while pursuing the minimum power usage as the objective. By
this rationale, we propose a non-convex optimization problem
to design the precoder. This problem is called the GED problem
and is expressed as
min
p

p2

s.t. pH Ri j p ≥ Di j ,

∀i, j, i = j,

(18)

where Di j is a positive real number that lower bounds the
Euclidean distance of the codeword pairs. Interestingly, the
GED problem is equivalent to the MMD problem in the sense
of scaling if all values of Di j are chosen to be identical. This
scaling equivalence means that the optimal solution of a given
GED problem can be scaled by a scalar such that the solution to
this scaled GED problem is equivalent to the optimal solution
of the MMD problem. Note that a similar relationship can be
observed for max-min beamforming and QoS beamforming
in [44].
Theorem 4.1: The MMD problem is equivalent to the GED
problem in the scaling sense if all values of Di j are set to be
identical, i.e., Di j = D.
Proof of Theorem 4.1: See Appendix C.
Theorem 4.1 implies that the MMD problem is automatically
solved if the optimal solution to the GED problem is found and
vice versa when all values of Di j are identical. However, it is
still worth exploiting both formulations because the optimal
solutions can be approached from different perspectives.3 To
solve the GED problem, the proposed iterative algorithm in
Section III-B is readily applicable. Again, we linearize and
approximate the inequality constraints from pk to form the
convex approximated GED problem as
min
p

p2


H
s.t. ℜ 2 · pH
k Ri j p − pk Ri j pk ≥ Di j ,

∀i, j, i = j.
(19)

3 Note that the optimal solutions for both formulations are generally
intractable.
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Similar to the procedure in Section III-B, the solution of
the GED problem can be found by solving its approximated
problem iteratively. Moreover, the counterpart lemmas and
theorems for GED as those of MMD proved in Section III-C
can be similarly proved. Therefore the solutions improve at
each iteration and finally converge to a local optimum or saddle
point. The proof is omitted for brevity.
V. D ISCUSSION ON THE MMD AND GED P RECODERS
In this section, we first provide a discussion on both the
complexity and performance benefit of the proposed MMD and
GED precoders. This discussion leads to insights regarding the
trade-off between using MMD or GED precoder. Subsequently,
challenges for solving MMD and GED problems are given. This
provides possibilities for future directions.
A. Complexity Analysis for the MMD and GED Precoders
The aim of this section is to illustrate the computational
complexity of the proposed MMD and GED precoder designs.
The complexity of the proposed precoder designs should be
analyzed from two aspects: i) The computational complexity of
the convex solving process at each iteration, and ii) the number
of iterations required for the convergence. The exact computational complexity of the convex solving process depends on the
specific convex solver. Therefore, we provide the analysis by
assuming that the interior point method is used. According to
[42],4 the order of operations required for solving the convex
problem is given by
  
 3
 2 
 
Nc
O Nc Nr + O Nc + O Nc2
+ O Nc2
2

 

= O Nc2 Nr + O Nc4 . (20)
The first term of (20) is the result of constructing the convex optimization problem. The second and third terms, which
mainly related to the dimensions of the solution space and the
number of constrained functions, are the order of operations
required during the convex solving process. The fourth term
indicates the operations required for computing the first and
second derivatives of the objective and constraint functions
used during the process. Note that the derived computational
complexity is applicable for both MMD and GED designs since
their orders of operations are identical.5 Therefore, according
to (20), we find that their required orders of operations are in
polynomial order.
In the following, we exploit simulations to illustrate the
practical convergence of the proposed designs by showing the
probability mass function (PMF) of numbers of iterations for
MMD and GED designs in Fig. 1. It should be noted that the
asymptotic convergence has already been shown in Lemma 3.3.
4 The

complexity analysis is conducted by computing the flops required by
algorithm 9.5 and algorithm 11.1 in [42]. The results can be found in page 8 of
the same reference.
5 This is because the approximated MMD and GED problems have identical
dimensions of solution space, almost identical numbers of constraints, and
similarly structured constraints.

Fig. 1. Convergence behavior for MMD and GED precoders in SM-MIMO
systems with QPSK in i.i.d. Rayleigh fading channels. (a) Nt = 4, Nr = 4;
(b) Nt = 8, Nr = 4.

We consider the SM-MIMO system with Nt = 4, Nr = 4, and
QPSK in Fig. 1(a), and the SM-MIMO system with Nt = 8,
Nr = 4, and QPSK in Fig. 1(b). Both figures are with i.i.d.
Rayleigh fading channels. In the simulations, the threshold is
given by ε = 10−5 and 10000 trials are conducted to show
the statistics of the convergence. In Fig. 1(a) and (b), fast
convergence can be observed for both MMD and GED precoder
designs. Obviously, more than 98% and 90% trials converge
within 30 iterations in Fig. 1(a) and (b). Besides, it can be
observed that the MMD precoder has a better convergence
behavior than GED precoder. This is due to the higher interdependency between the objective function and the constraint
functions of the MMD problem. Since the proposed designs
converge fast, the computational complexity is mainly from the
convex solving process, which is highly related to the convex
solver. With a well-developed convex solver, the complexity in
our design process can be manageable.
B. Performance Comparison for the MMD
and GED Precoders
We provide performance comparisons between the MMD
and GED precoders in this section. It has been shown in
Section V-A that the MMD precoder has a better convergence
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Fig. 2. Performance comparison for MMD, GED, and Gray-code-like GED
precoders in SM-MIMO systems with Nt = 4, Nr = 2, and QPSK in i.i.d.
Rayleigh fading channels.

behavior than GED precoder and therefore has a lower complexity. However, the GED precoder design has a higher flexibility because the GED problem allows adjustment of the
distances among codeword pairs. In this case, a better BER
can be achieved if the distances are well-designed. We now
demonstrate this advantage through an example. We consider
the SM-MIMO system with Nt = 4, Nr = 2, and QPSK in
i.i.d. Rayleigh fading channels. In this example, the distances
between codeword pairs are designed using the Gray-code-like
concept, i.e., the pair misdetection potentially leading to larger
number of error bits is given a larger distance to implicitly better
protect this pair. Applying this concept, the guaranteed distance
function is then given by
d(ci , ci , Ni j ) = 1 + 0.2(Ni j − 1),

(21)

where Ni j is the number of bits in error if ci is detected as c j .
It should be noted that (21) is manually designed. In Fig. 2,
we compare BER performances among MMD, simple GED,
and Gray-code-like GED precoders. Note that the guaranteed
distances of the simple GED precoder are given by Di j = 1, i.e.,
all the distances are identical. In Fig. 2, it can observed that the
MMD and simple GED precoders have identical performance.
This is not surprising due to Theorem 4.1 and similar results can
be observed in the remaining simulations. The coding gain of
the Gray-code-like GED precoder can be observed in the figure.
This demonstrates the potential benefits of the GED precoder
with the flexibility to design the distances. In summary, there
is a trade-off between using MMD and GED precoder designs.
The adoption of the MMD or GED precoder depends on the
requirements of the system design.
C. Challenges to Solving the MMD and GED Problems
Obviously, the quality of the designed precoder depends
on the quality of solutions of the proposed MMD and GED
problems, i.e., one can design the precoder properly only if
the proposed formulations are solved properly. Therefore, we
further discuss the challenges to acquiring effective solutions
of the proposed problems.

Fig. 3. Minimal distance performance of different algorithms. (a) SSKMIMO systems for Nt = 2. (b) SM-MIMO systems for Nt = 4 and M = 4
(QPSK).

Because the proposed problems are non-convex optimization
problems, typical algorithms for non-convex optimization problems can be applicable. Although there are many algorithms
for non-convex problems [45]–[47], the crucial point is that the
dimensions of the solution space and the number of constraints
in the MMD and GED problems are large. For example, in
a moderate SM-MIMO system with Nt = 16 and M = 4, the
dimension and the number of constraints will be as large as
64 and 2048, respectively. Certain existing algorithms for nonconvex optimization may not be applicable. For instance, semidefinite relaxation (SDR) [45], [46] is known as an effective
approach for solving many non-convex optimization problems
in communication systems. However, the performance of SDR
is shown to degrade with respect to the number of constraints
as in [48] and our following simulations.
Fig. 3(a) and (b) illustrate the performance of the minimal
distance of precoded constellation pairs when using different
algorithms in i.i.d. Rayleigh fading channels. The total transmit
power for different algorithms is normalized to be the same.
The constraints in the GED problem are set as Di j = 1. The proposed iterative algorithm is compared with SDR and a heuristic
penalty algorithm [47]. The SM without precoding is used as
a simple benchmark. In the simulations, the heuristic penalty
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where x = Pmn en sm ∈ CNt ×1 is the transmitted signal with en ∈
A being the Nt × 1 vector given by

algorithm approximately solves the constrained optimization
problem via the unconstrained optimization problem with the
aid of a penalty function, given by
min
p

p + γ ∑i, j
2



2
p Ri j p − D ,
H
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en = [0 1


(22)

...

0 1


...

0

0]T ,


(24)

Nu out o f Nt elements are 1

where n = 1, 2, . . . , Nl , and A is the spatial constellation with
size Nl = NNut . Pmn is the diagonal precoding matrix cor-

where γ is the penalty factor. Fig. 3(a) evaluates a small SSKMIMO system with Nt = 2 and shows that the performance of
SDR and the proposed algorithm is identical. In fact, both of
them achieve optimal solutions in this case. Fig. 3(b) shows
the performance of a SM-MIMO system with Nt = 4 and
M = 4 (QPSK). In Fig. 3(b), the proposed algorithm significantly outperforms other algorithms. Furthermore, the other
two algorithms provide almost no improvements owing to the
inaccurate approximation caused by the large dimensions of
the solution space and the very large number of constraints.
From the results in Fig. 3(a) and (b), we can observe that
the large dimensions of the solution space and the very large
number of constraints are the most challenging parts in solving the MMD and GED problems. Generally, the proposed
algorithm degrades less with the increase of the dimensions
and constraints compared with other algorithms because the
proposed algorithm can improve the solution at each iteration
and at least achieve a local optimum, regardless of the numerous
constraints.

(1)

(a)

responding to en sm given by diag(0, pmn , . . . , 0, pmn , . . . , 0, 0).
Note that only the corresponding positions of en that are not
zeros have non-zero precoding weights. Therefore, we consider
(1) (2)
(N )
an antenna combination indicator Ln = (ln , ln , . . . , ln u ) to
(a)
indicate the indices of the antennas used by en , where ln is the
index of the ath antenna in the indicator Ln . The received signal
model for GSM is given by


Nu

∑ pmn hln(a)  sm

y=

(a)

+ n.

(25)

a=1

Similar to Section II-B, we consider the following mapping:
(a)
(a)
(a)
ci = h (a) sm ∈ CNr ×1 , pi = pmn , and i = (m − 1)Nl + n.
(ln )
The received signal model for GSM can be expressed as


Nu

∑ ci

y=

(a) (a)
pi

+ n,

(26)

a=1

VI. E XTENSION OF THE P RECODER D ESIGN TO GSM

where i = 1, 2, . . . , Nc , and Nc = MNl . By adopting the maximum minimum Euclidean distance criterion again, the optimization problem is formulated as (27). (See equation at bottom
of the page.)
We consider a Nc Nu × 1 precoding vector p given by


(1)
(2)
(a)
(N −1)
(N ) T
p1
. . . pi
. . . pN u
pN u
. (28)
p = p1

Now, we extend the MMD and GED problems to GSM,
which comprehensively completes the investigation of the precoder design for SM-type MIMO systems. The extension is
performed by observing that the derivation in Section III can be
readily generalized for GSM. It is noted that we adopt GSMMIMO system model in [4] for simplicity. The approach to this
extension can also be applied to GSM-MIMO systems in [5],
[6], where multiplexing for APM of multiple activated antennas
is further introduced.6
The difference between SM and GSM is that GSM activates
multiple antennas simultaneously. We consider a MIMO system
for GSM with Nu activated antennas. The system model for
GSM is given by
y = Hx + n,

6 Note

c

The generalized MMD problem can then be derived, given by
max
H

s.t. (p ) Ri j p ≥ t,

max

(a)

2

(29)

where Ri j is a Nc Nu × Nc Nu positive semi-definite matrix with
elements given by (30). (See equation at bottom of the next
page.) Note that m = 1, 2, . . . , Nu , and n = 1, 2, . . . , Nu in (30).

t
(N )

p1 ,p1 ,...,pi ,...,p u
Nc

s.t.

∀i, j, i = j

p  ≤ Pt ,

(23)

that multiplexing of APM is not adopted in GSM-MIMO systems

(2)

t

P

in [4].

(1)

c


 

Nu
Nu

(a) (a)
(a) (a) 2
c j p j  ≥ t,
− ∑a=1
 ∑a=1 ci pi



N

N


 ≤ Pt .

(a) 2

u
pi
∑i=1c ∑a=1

∀i, j, i = j
(27)
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Similarly, the GED problem can be generalized. The generalized formulation, namely the generalized GED problem, is
given by
p 

min
p

H

2

s.t. (p ) Ri j p ≥ Di j ,

∀i, j, i = j.

(31)

Comparing the generalized problems with original problems,
it is clear that they are identically structured. Therefore, the
proposed iterative algorithm is still applicable. Furthermore,
the lemmas and theorems in Section III-C can be extended as
well. The proof can be obtained by the extending procedures
in Section III-C. Similar to SM, GSSK is treated as a special
case for GSM. The proposed formulations and designs can be
readily applied to GSSK-MIMO systems. As a final remark,
when Nu = 1, the generalized MMD and GED problems readily
degenerate to the MMD and GED problems, respectively.
VII. N UMERICAL R ESULTS AND P RECODER C OMPARISONS
In this section, we illustrate the BER of the proposed designs.
To provide a comprehensive evaluation, we simulate the BER
in Rayleigh fading channels with and without spatial correlations, by using various representative MIMO configurations.
In addition, we provide comparisons with conventional MIMO
systems using transmit antenna selection schemes. The sensitivity of the proposed design to imperfect CSIT is evaluated as
well. Finally, with the aid of numerical results, the comparisons
between different precoder designs are provided. The MIMO
system model is set as (1) and the total transmit power for
different precoders are normalized to be identical in the simulations. Constraints of the GED problem are set as Di j = 1
in all of the following simulations. It should be noted that the
performance of the same transmission setup is evaluated with
two different receive antenna configurations in most figures. In
those figures, solid lines “-” denote systems with Nr = 2 and
dashed lines “- -” denote systems with Nr = 4.
A. BER Evaluation in Uncorrelated Rayleigh
Fading Channels
In this section, we evaluate the performance of the proposed
designs in uncorrelated Rayleigh fading channels. The elements
of the channel matrix are assumed to be i.i.d complex Gaussian
random variables with zero mean and variance σ2r . Therefore,

⎧ 
 

(n) H
(m)
⎪
⎪
ci
ci
,
⎪
⎪
⎪
H 


⎪
⎪
(n)
(m)
⎪
⎪
cj
,
⎨ − ci
 




H
Ri j kl =
(n)
(m)
⎪
cj
,
cj
⎪
⎪
⎪
H 


⎪
⎪
(m)
⎪ − c (n)
⎪
ci
,
j
⎪
⎩
0,

Fig. 4. BER performance of different precoders for SSK-MIMO systems with
Nt = 16 in uncorrelated Rayleigh fading channels. Solid lines denote systems
with Nr = 2 and dashed lines denote systems with Nr = 4.

the signal-to-noise ratio (SNR) is defined as Pt σ2r /N0 . Fig. 4
shows the performance for SSK-MIMO systems with Nt = 16.
The proposed MMD and GED precoders are compared with
modified SSK (MSSK) [36] and SSK without precoding [2],
which is simply labeled as SSK. In this figure, the proposed
designs show the significant BER performance improvement
compared with SSK and MSSK. This is due to the capability of joint optimization for all the precoding weights of
codewords. As for MSSK, the joint optimization can only be
achieved when Nt = 2, resulting in the degradation of performance. For Fig. 5(a) and (b), performance is evaluated for
SM-MIMO systems with Nt = 4 and Nt = 8, respectively. All
systems employ QPSK (M = 4) as the signal constellation.
The performance of the proposed designs is compared to the
non-precoded SM [1], which is simply labeled as SM, and
the diagonal transmit precoding (TPC) algorithm proposed in
[39, Alg. 4]. In these simulations, the number of quantization
levels for both amplitude and phase using the diagonal TPC
algorithm is 6. In Fig. 5(a) and (b), results demonstrate the performance improvement compared with the non-precoded SM
and other precoder design algorithms. Furthermore, while comparing the diagonal TPC algorithm with the proposed designs,
it can be observed that the performance improvement is greater
as Nt increases. The main reason is that the diagonal TPC
algorithm can only adjust the precoding weights of two transmit
antennas, which limits the performance as Nt increases.

if k = (i − 1)Nu + n and l = (i − 1)Nu + m;
if k = (i − 1)Nu + n and l = ( j − 1)Nu + m;
if k = ( j − 1)Nu + n and l = ( j − 1)Nu + m;
if k = ( j − 1)Nu + n and l = (i − 1)Nu + m;
otherwise.

(30)

LEE et al.: PRECODER DESIGN FORMULATION AND ITERATIVE ALGORITHM FOR SPATIAL MODULATION

1239

Fig. 6. Performance comparison between proposed precoders in SMMIMO systems and the transmit antennas selection scheme in conventional
MIMO systems in uncorrelated Rayleigh fading channels. System parameters: Nt = 4, Nr = 2 (solid lines), 4 (dashed lines), single activated antenna,
transmission rate = 4 bpcu.

Fig. 5. BER performance of different precoders for SM-MIMO systems in
uncorrelated Rayleigh fading channels. Solid lines denote systems with Nr = 2
and dashed lines denote systems with Nr = 4. (a) Nt = 4 and M = 4 (QPSK).
(b) Nt = 8 and M = 4 (QPSK).

To better evaluate the performance of the proposed designs,
we compare SM-MIMO systems using the proposed precoders
with conventional MIMO systems using transmit antenna selection (TAS) [49]. The comparison is designed to be fair in terms
of number of transmit antennas, number of activated antennas,
and transmission rate. We consider SM-MIMO systems with
Nt = 4 and QPSK in Fig. 6. In the figure, the TAS scheme
provides better performance as Nr = 2 (solid lines); on the
contrary, the proposed precoder designs outperform the TAS
scheme as Nr = 4 (dashed lines). It is obvious that results
of comparisons depend on the system configurations. This is
not surprising since the performance enhancement provided
by TAS is highly significant in some conditions. Interestingly,
the performance of precoding-aided SM-MIMO systems can
also be enhanced by exploiting TAS. It has been shown in the
literature that the joint precoding and TAS can further improve
the system performance [36, Fig. 6].
Fig. 7(a) shows the performance for GSSK with Nt = 5,
Nu = 2, and the transmission rate being RGSSK = 3 bpcu.
Because the transmission rate for GSSK is set at 3 bpcu, not all
combinations of antennas are used as active spatial constellation
points for transmission. Therefore, we randomly select eight

combinations as constellation points. The proposed designs are
compared with generalized MSSK (GMSSK) [36] and GSSK
without precoding [3]. From Fig. 7(a), the proposed designs
significantly outperform GSSK and GMSSK for both Nr = 2
(solid lines) and Nr = 4 (dashed lines). Fig. 7(b) shows the
performance for GSM-MIMO systems with Nt = 5, Nu = 2, and
BPSK (M = 2). Similar to the case of GSSK, only eight combinations of antennas are used as spatial constellation points
for transmission. This leads to RGSM = 4 bpcu. In Fig. 7(b),
the performance of the proposed designs is compared with
GSM without precoding [4]. Besides, the proposed designs are
compared with the conventional MIMO systems using a joint
precoding and TAS (JPTA) scheme proposed in [50]. Again, the
comparison is designed to be fair in terms of number of transmit
antennas, number of activated antenna, and transmission rate. In
the figure, the proposed designs exhibit significant performance
improvement compared to the non-precoded GSM as expected.
In addition, the proposed precoders with GSM-MIMO systems can outperform the conventional MIMO systems using
the JPTA scheme. The superiority is due to the better power
allocation of the proposed precoder and the less effective TAS
scheme in this MIMO configuration. It is observed that, in some
cases (such as in Fig. 7(b)), the proposed designs provide minor
performance improvements or even degrade the performance in
the low-SNR regimes. This is because the Euclidean distance
can be the dominant factor for the BER only in the medium and
high SNR regimes [40].7 The maximum minimum Euclidean
distance criterion may not be the BER-optimal criterion in
low SNR regime. Since the proposed designs are based on the
maximum minimum Euclidean distance criterion, this criterion
could be ineffective in low SNR regime and leads to the
ineffective design.
At the end, we provide a simulation result to assess the
sensitivity of the proposed precoder designs to imperfect CSIT
in Fig. 8. In this figure, SM-MIMO systems with Nt = 4, Nr = 4,
7 Elaboration

is specifically given in page 183–188 in [40].
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Fig. 8. Evaluation of the sensitivity of the proposed precoder design to
imperfect CSIT in SM-MIMO systems with Nt = 4, Nr = 4, and QPSK in
uncorrelated Rayleigh fading channels.

that the GED precoder has the similar behavior as the MMD
precoder.
B. BER Evaluation in Correlated Rayleigh Fading Channels
We now consider correlated channels to demonstrate the
generality and flexibility of the proposed formulations and
designs. The structure of the channel matrix is given by
1/2

1/2

H = Rr Hw Rt ,

Fig. 7. BER performance of different precoders in uncorrelated Rayleigh
fading channels. Solid lines denote systems with Nr = 2 and dashed lines denote
systems with Nr = 4. (a) Systems for GSSK with Nt = 5 and Nu = 2. (b) Systems
for GSM with Nt = 5, Nu = 2, and M = 2 (BPSK).

and QPSK are employed. The model of imperfect CSIT is
given by
Him = H + Hn

(32)

where Hn is the channel imperfection caused by the feedback
or estimation error at receiver. In the model, elements of Hn
are assumed to be i.i.d. complex Gaussian with variance σ2n .
To evaluate the sensitivity of the proposed designs, the inverse
channel-to-noisy-channel power ratio (ICNR) is adopted to
indicate different levels of the imperfection of CSIT, given by
ICNR =

σ2n
.
σ2r

(33)

The BER performance of the proposed MMD precoders with
different ICNR levels is compared in the figure. It can be
observed that the imperfection gradually degrades the performance. However, the proposed designs can still provide
improvement compared with the non-precoded SM even with
a severe imperfection of CSIT (i.e., ICNR = 0.6). In addition,
there is no saturation as SNR increases when imperfection exists. The slow degradation and non-saturation property indicate
reasonable robustness of the proposed designs. We observe

(34)

where Hw ∈ CNr ×Nt is the uncorrelated Rayleigh fading channel
matrix with variance σ2r ; Rt ∈ CNt ×Nt and Rr ∈ CNr ×Nr are
the spatial correlation matrix for the transmitter and receiver,
respectively. Similar to the uncorrelated case, the SNR here is
defined as Pt σ2r /N0 . The spatial correlation matrix is generally
given by
 k−l
ρt ,
if k ≥ l
,
(Rt )kl =  l−k ∗
ρt
, if k < l,
 k−l
if k ≥ l
ρ ,
,
(Rr )kl =  r l−k ∗
, if k < l
ρr
where ρt and ρr are the correlation coefficients of the transmit
and receiver antennas, respectively. In our simulations, the
correlation coefficients are set to ρt = ρr = 0.9, which provides
a highly correlated channel environment.
Fig. 9 shows the BER performance for SSK-MIMO systems
with Nt = 16 and Nr = 2, 4; in this figure, we observe that
the proposed designs outperform the non-precoded SSK and
MSSK. Obviously, the systems with precoding provide better
performance improvements over systems without precoding in
correlated channels compared with uncorrelated channels. This
is because the performance is largely degraded by the spatial
correlation and the precoding process can effectively mitigate
this degradation. In Fig. 10, we consider SM-MIMO systems
with Nt = 8, Nr = 2, 4, and QPSK. In this figure, it can be
observed that the proposed designs significantly improve the
non-precoded SM. In addition, the proposed precoder designs
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TABLE II
O RDERS OF D ESIGN O PERATIONS R EQUIRED
FOR D IFFERENT P RECODER D ESIGNS

TABLE III
A PPROXIMATE Q UANTIFIED D ESIGN C OMPLEXITY R EQUIRED FOR
D IFFERENT P RECODER D ESIGNS IN SSK-/SM-MIMO S YSTEMS

Fig. 9. BER performance of different precoders for SSK-MIMO systems with
Nt = 16 in correlated Rayleigh fading channels. Solid lines denote systems with
Nr = 2 and dashed lines denote systems with Nr = 4.

Fig. 10. BER performance of different precoders for SM-MIMO systems with
Nt = 8 and QPSK in correlated Rayleigh fading channels. Solid lines denote
systems with Nr = 2 and dashed lines denote systems with Nr = 4.

show the performance advantages over the diagonal TPC algorithm. This is because the BER improvement is related to
the granularity of quantization in the simulations. Moreover, the
precoding on only two antennas cannot effectively mitigate the
correlation between antennas. Therefore, the proposed MMD
and GED precoder can significantly outperform the diagonal
TPC algorithm.
C. Comparisons Between Different Precoder Designs
In this section, we compare between different precoder designs. Specifically, we compare the differences from both the
BER and complexity aspects between MSSK and the proposed
design and between the diagonal TPC and proposed design.
While comparisons are only limited to SSK-/SM-MIMO systems, it should be noted that the proposed designs are more
general.
Observing previous numerical results, the proposed precoder
designs provide better BER performance compared with MSSK
and the diagonal TPC. The proposed designs outperform MSSK

due to two reasons. Firstly, the proposed designs perform the
joint precoding design at each iteration, which guarantee the
enhancement is beneficial for all the symbol pairs. On the contrary, MSSK can only achieve the optimal design for the chosen
symbol pair at each iteration. The optimal design for a specific
symbol pair might not be optimal for other pairs or even degrade
the performance of other symbol pairs. Secondly, the proposed
designs are guaranteed to achieve at least a local optimum
in maximum minimum distance (or guaranteed Euclidean distance) sense. While MSSK does not guarantee the characteristic
of the convergence point, the proposed designs could provide
better performance. Moreover, since MSSK can only adjust
two precoding weights at an iteration, it can easily be trapped
in a point which is even not a local optimum. Comparing the
diagonal TPC with the proposed designs, two advantages can
be observed. Firstly, the proposed designs joint precode every
symbols. This could be superior to the diagonal TPC which
precodes only on two antennas. Secondly, the proposed designs
can fully exploit the power and phase allocation; in contrast,
the quantized nature of the diagonal TPC limits its ability in
this respect, and the performance of the diagonal TPC is highly
related to the granularity.
The complexity of different precoder designs is given in
Table II. We note that L1 and L2 are the quantization levels
of amplitude and phase for the diagonal TPC, respectively. In
Table II, all the precoder designs require design operations only
in polynomial order. To better understand the complexity of different precoder designs, we provide the approximate quantified
complexity for some configurations of the SM-MIMO systems
according to Table II. We consider SSK-MIMO systems with
Nt = 64 and Nr = 4 (configuration 1) and SM-MIMO systems
with Nt = 8, Nr = 4, and 16-QAM (configuration 2). The granularity of the diagonal TPC is given by L1 = L2 = 6. The numbers
of iterations required by MSSK and the proposed designs are
assumed to be 20 due to their fast convergence. Note that the
comparisons adopt large SM-MIMO systems because the high
complexity issue arises only in large systems. The results are
then summarized in Table III. In the table, higher complexity
is required by the proposed designs compared with MSSK. In
addition, higher complexity is required by the proposed designs
compared with the diagonal TPC while their orders are close.
By taking into account both BER performance and complexity,
we conclude that the proposed designs provide better BER
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performance with potentially higher complexity cost.8 However, it should be noted that, the potential high complexity of
the proposed design is due to the convex solving algorithm,
which is highly studied and improved rapidly in recent years.
It is expected that the design complexity can be gradually lower
with the advance of the convex solving techniques.
VIII. C ONCLUSION
In this work, we investigate precoding techniques for SM-/
GSM-MIMO systems and provide a general and comprehensive
investigation. Specifically, we provide two precoder design
formulations, namely the MMD and GED precoder designs,
which are applicable to a general category of SM-MIMO
systems. The proposed designs are advantageous compared to
existing precoder designs due to their ability to jointly optimize
all precoding weights and fully exploit the power and phase
allocations. An asymptotic convergence has been shown for
the proposed designs. Moreover, regarding the complexity, the
fast convergence has been empirically demonstrated. Therefore,
the computational complexity depends mainly on the convex
solver, and is tractable through well developed convex solving
techniques. Since there is a trade-off between using the MMD
or GED precoders, comparisons between them are provided.
Moreover, challenges in designing MMD and GED precoders
are discussed for future research directions. We evaluate the
BER performance of the proposed designs in both uncorrelated
and correlated channels. Simulation results show significant
BER performance improvements of the proposed designs compared with the non-precoded SM/GSM. In addition, comparing proposed designs with existing precoding methods, results
demonstrate that the proposed designs has a better BER performance with potentially higher complexity cost. Moreover,
the proposed precoders for SM-/GSM-MIMO systems provide
better BER performance compared with conventional MIMO
systems using TAS schemes in some MIMO setups. Finally,
the sensitivity to imperfect CSIT is evaluated using simulations, which shows reasonable robustness in using the proposed
precoders.

By expanding (35), we have

H
H
pH
k+1 Ri j pk+1 + pk Ri j pk − ℜ 2 · pk+1 Ri j pk ≥ 0,

(36)

and consequently

H
H
pH
k+1 Ri j pk+1 − ℜ 2 · pk+1 Ri j pk − pk Ri j pk ≥ 0.

(37)

Because pk+1 is the optimal solution of the approximated MMD
problem, we have

H
ℜ 2 · pH
k+1 Ri j pk − pk Ri j pk

H
H
≥ ℜ 2 · pH
k Ri j pk − pk Ri j pk = pk Ri j pk ≥ tk . (38)
From (37) and (38), we conclude that
pH
k+1 Ri j pk+1 = tk+1 ≥ tk .

(39)

Combining (39) with Lemma 3.1 leads to Theorem 3.2.
A PPENDIX B
P ROOF OF T HEOREM 3.4
The Lagrange function of the MMD problem is given by




L(p, µ) = −t + µ0 pH p − Pt + ∑ µi j t − pH Ri j p , (40)
i, j,i= j

where µ = [µ0 , µ12 , . . . , µ(Nc −1)Nc ] is the Lagrange multiplier.
The KKT condition of the MMD problem is given by
⎧
µ0 p = ∑ µi j Ri j p
⎪
⎪
i, j,i= j
⎨
µ0 , µ i j ≥ 0, ∀i, j, i = j 
(41)

⎪
Hp − P +
H R p = 0.
⎪
p
t
−
p
µ
µ
∑
t
ij
ij
⎩ 0
i, j,i= j

It is well known that the solution satisfying (41) must be
the local optimum or saddle point of the MMD problem. We
consider the Lagrange function of the approximated MMD
problem given by
L(p, µ) = −t + µ0 (pH p − Pt )


H
. (42)
+ ∑ µi j t − ℜ 2 · pH
k Ri j p − pk Ri j pk

A PPENDIX A
P ROOF OF T HEOREM 3.2

i, j,i= j

We consider the feasible solution pk . Because Ri j is a positive semi-definite matrix, we have
(pk+1 − pk )H Ri j (pk+1 − pk ) ≥ 0.

(35)

8 The complexity of the proposed designs and diagonal TPC highly depends
on the number of iterations and granularity, respectively

⎧
⎪
⎪
⎨

The KKT condition of the approximated MMD problem is then
given by (43). (See equation at bottom of page.) By Lemma 3.3,
the sequence {p(k) } must converge to a feasible solution p∗ .
Because the approximated MMD problem is convex, p∗ must
satisfy the KKT condition with the corresponding Lagrange
multiplier µ∗k . Furthermore, we can substitute pk with p∗ into

µ0 p = ∑ µi j Ri j pk
i, j,i= j

µ0 , µi j ≥
∀i, j, i = j
.
 0

⎪
H
H
H
⎪
⎩ µ0 (p p − Pt ) + ∑ µi j t − ℜ 2 · pk Ri j p − pk Ri j pk = 0
i, j,i= j

(43)
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(43) because the convergence implies that pk = p∗ at the last
iteration. The first and third equations of (43) become
⎧
µ∗0 p∗ = ∑ µ∗i j Ri j p∗
⎪
⎨
i, j,i= j




H ∗
∗
∗
∗ t − (p∗ )H R p∗ = 0. (44)
⎪
µ
)
p
−
P
µ
(p
+
∑
t
ij
⎩ 0
ij
i, j,i= j

As a result, p∗ satisfies the following equations:
⎧
µ∗0 p∗ = ∑ µ∗i j Ri j p∗
⎪
⎪
⎪
i, j,i= j
⎨
µ∗0 , µ∗i j ≥ 0, ∀i, j, i = j
(45)




⎪
⎪
⎪ µ∗0 (p∗ )H p∗ − Pt + ∑ µ∗i j t − (p∗ )H Ri j p∗ = 0.
⎩
i, j,i= j

Comparing (41) with (45), we find that they have identical
forms. Therefore, p∗ satisfies the KKT condition of the MMD
problem. From the above derivation, we conclude that the
solution p∗ is the local optimum or saddle point of the MMD
problem.
A PPENDIX C
P ROOF OF T HEOREM 4.1
Generally, we will use the same approach in [44] to prove
this theorem. We consider the GED problem with Di j = D as
follows:
min
p

p2

s.t. pH Ri j p ≥ D,

∀i, j, i = j.

(46)

To prove Theorem 4.1, we first describe the scaling property of
(46). We suppose that the optimal solution of (46) is pQ . Given
another optimization problem
min
p

p2

s.t. pH Ri j p ≥ 1,

∀i, j, i = j,

(47)

obviously, the optimal
√ solution p for (47) can be a scaling
of pQ , i.e., pQ = Dp. Thus, D is immaterial with respect
to optimization. Once the constraints are scaled up with
√ a
positive number D, the optimal solution scales up with D.
This concludes the scaling property.
Now, we start to prove Theorem 4.1. We denote the MMD
problem with the power constraint Pt as M(Pt ) and the GED
problem with constraints D as Q(D). We further suppose that
the optimal solution of Q(D) is pQ with the power Pq . Using the
scaling
property mentioned above, we can intentionally scale
pQ by Pt /Pq to the power equal to Pt , forming the problem

Q(Pt D/Pq ) with the optimal solution pD = Pt /Pq pQ . Because
the power of pD is Pt , pD is feasible in M(Pt ) as well as
pH
D Ri j pD ≥ Pt D/Pq

∀i, j, i = j.

(48)

Therefore, it is clear that the optimal solution pM of M(Pt ) must
satisfy
pH
M Ri j pM ≥ Pt D/Pq

∀i, j, i = j

(49)
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and have power equal to Pt . These imply that pM is feasible and
optimal in Q(Pt D/Pq ). Therefore, pM and pD are equivalent in
Q(Pt D/Pq ). Because pM is not better than pD in Q(Pt D/Pq ),
pM cannot provide a better objective value in M(Pt ) than pD .
Therefore, pM and pD are equivalent in M(Pt ). Combining
this with previous result that pM and pD are equivalent in
Q(Pt D/Pq ), Theorem 4.1 is proven.
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